
Dense suspensions at the microscopic scale: characterizing and 
controlling interparticle interactions

Jean Comtet
Soft Matter Science and Engineering Laboratory

ESPCI, CNRS, Sorbonne University

jean.comtet@espci.fr

1



Tuesday 22th (at IUSTI Laboratory)
Jean Comtet (CNRS, ESPCI Paris)
Dense suspensions at the microscopic scale: characterizing and controlling interparticle interactions

In their concentrated regime, dense suspensions of particles can show a range of fascinating and exotic rheological behaviors. Inter-particle
interactions at the microscopic scale - associated to friction, adhesion, rolling resistance... - are expected to play a predominant role on these 
peculiar macroscopic rheological properties. These microscopic interactions remain however poorly characterized at the nanoscale, as well as their 
precise relations with macroscopic rheology. In this lecture, I will present and discuss recent experimental efforts aiming at both characterizing and 
controlling these local interactions at the particle scale. I will show how these novel microscopic approaches build upon the development of 
advanced instrumentation for the measurement of nanoscale interactions at the particle scale combined with creative physico-chemical surface 
engineering, and will discuss their recent success, limitations and prospects.
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Rheology of dense granular suspensions from microscopic considerations 
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What simulations tell us about granular suspension rheology?

Much progress has been made in the understanding of non-Brownian particulate suspension rheology in creeping flow since the 1980s, especially 
in the high concentration range. This has been made possible by considerable experimental and theoretical effort, but also due to the development 
of effective numerical simulation methods, which allow to probe the influence of specific mechanisms and make available relevant quantities, some 
of which are difficult or impossible to obtain from experiments, thereby clarifying some experimental measurement or theoretical concepts. The 
present course provides an overview of the rheology of granular suspensions as seen through the prism of numerical simulations. The main relevant 
physical mechanisms at play, mainly hydrodynamic interactions and contact forces, will be reviewed, as well as the various numerical methods 
allowing to account for them in the simulations. Some important issues will be addressed. How to extract rheological quantities from the simulations, 
such as the different contributions to the suspension stress? How to validate a numerical method, considering  for instance very dilute 
suspensions (meaning a few particles). Then the journey will take us over a wide range of volume fraction and particle 
interactions, in various homogeneous and non-homogeneous flows.

3:30

5:30

Access:
-count 35 minutes from Vieux port
-Take Metro 1 until terminus La Rose,
-Take bus B3B until the third stop Polytech
 Marseille.
-The laboratory IUSTI is across the street 
from the bus stop 
-follow the signs. 

Granular suspensions are widely observed in various geophysical and industrial processes. In the dense regime, contact dynamics play a crucial 
role in the macroscopic rheology, yielding a variety of complex behaviours. Over the past two decades, significant progress has been made in 
connecting microscopic interactions to macroscopic emergent phenomena, primarily by studying model granular suspensions with tunable 
interparticle properties. This lecture will summarise some of these recent advances, focusing on approaches that treat the suspension as a single 
effective fluid. To set the scene, we will first discuss the simplest case of non-Brownian granular suspensions, for which the effective viscosity is a 
M\UJ[PVU�VUS`�VM�[OL�WHY[PJSL�]VS\TL�MYHJ[PVU�і��^OPJO�KP]LYNLZ�H[�[OL�QHTTPUN�MYHJ[PVU�іJ��>L�^PSS�KPZJ\ZZ�[OL�KPMMLYLUJL�IL[^LLU�]VS\TL��HUK�
pressure-imposed methods for measuring the suspension viscosity and how these approaches give equivalent constitutive laws. In the second part, 
^L�^PSS�ZLL�OV^�PU[YVK\JPUN�TVYL�JVTWSL_�PU[LYWHY[PJSL�PU[LYHJ[PVUZ�TH`�PUK\JL�H�Z[YLZZ�KLWLUKLUJL�VU�іJ��KYHTH[PJHSS`�PTWHJ[PUN�[OL�THJYVZJVWPJ
rheology. Here, we will focus on two specific macroscopic phenomena: shear thinning and thickening. First, we will discuss how particle roughness 
HUK�HKOLZPVU�TH`�PUJYLHZL�іJ�^P[O�PUJYLHZPUN�WYLZZ\YL�[V�NLULYH[L�ZOLHY�[OPUUPUN�ILOH]PV\Y��;OLU��^L�^PSS�[\YU�[V�ZOLHY�[OPJRLUPUN�Z\ZWLUZPVUZ��
discussing the frictional transition model, new methods to probe their constitutive laws, and how these peculiar flow rules can explain the emergence 
of new hydrodynamic instabilities.

3 lectures to sum-up the progresses made over the last 10 years in the description of dense granular suspensions. 
Particular focus will be made on the role of microscopic interactions between particles (friction, adhesion, repulsive forces, …), 

underlining their primary importance in determining the macroscopic rheological  behavior of these systems. 

Visit of the SOFT group experiments at IUSTI Laboratory
(https://iusti.cnrs.fr/research/axe-mdfc/)

6:30

We are here

2



Solid particles
+ suspending fluid

Dense suspensions
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Introduction in English

Suspensions are composed of a solid phase of particles dispersed in a liquid phase. If the liquid phase
is primarily water, these suspensions are referred to as aqueous suspensions. This type of mixture is
the subject of numerous studies in rheology, a branch of physics that deals with the �ow and deforma-
tion of matter. Dense suspensions often exhibit interesting rheological properties that diverge from the
behavior of well-known Newtonian �uids. A common example is the shear thickening of cornstarch
particles (known as cornstarch slurry or Maïzena) dispersed in water. When high stresses are applied
to the cornstarch suspension, the mixture sti�ens until �ow ceases. As seen in [�g. 3], these rheolog-
ical phenomena, typical of dense suspensions, are of interest to various industrial sectors, including
construction, defense, food, and cosmetics.

Figure 3: Suspensions: from playful material to industrial applications (left to right). Cornstarch in water
("Oobleck"), pigment dispersion for painting, pigment dispersion for foundation in cosmetics, fresh cement paste
�owing when poured, mixing of a cocoa paste.

Research on dense suspensions has been guided by theoretical models and numerical simulations
for several decades, leading to the development of a consensual theory that highlights the importance of
short-range physicochemical interactions between particles in the �ow behavior of dense suspensions.
This theory places molecular and even atomic interactions at the core of the frictional interactions be-
tween particles and the resulting rheology. Over the past �ve years, more than 1000 publications have
been dedicated to the study of "suspension and friction". A fundamental objective emerges: under-
standing the links between particle friction at a very local scale and the intrinsic properties of these
suspensions. Understanding how to modulate these frictional properties is crucial in many industrial
applications. For example, in cement, the addition of superplasticizers composed of polymers imparts
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1905 : Einstein, diluted regime

Dense suspension rheology - Light-speed review 

1970-1980 : semi-diluted regime, hydrodynamic 
interactions (Batchelor)

1990-today : Concentrated regime

!

"

2010 - … : role of local contact forces and inter-particle friction 
(Cates, Wyart, Morris, Denn…)

Can these local interaction forces be measured at the 
nanoscale and connected to macrosocopic material properties?

--> Necessary to rationalize complex non-newtonian flow behaviors

--> Allows to make the link with the specificity of the 
formulation/physicochemistry in industrial contexts
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General Outline

1. Surface forces and friction – General Concepts
1. Surface forces
2. Frictional forces
3. Measuring interaction forces at the nanoscale

2. Microscale measurements in suspensions and relations with macroscopic rheology
1. Contact Aging
2. Shear Thickening
3. Shear Thinning
4. Roughness and Friction

3. Opening and conclusions
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1.1 Surface Forces 

1944 - 2018



1.1 Surface Forces The Derjaguin Approximation

Forces F(D) between two particles

8

- Interaction forces can be extrapolated from various experimental situations
- Simplifies estimation of interaction forces based on analytical calculation of 

the interaction energy 

R1 R2

!(#)
D

where f(Z) is the normal force per unit area between two flat surfaces. Since from the
Chord Theorem x2 z 2R1z1 ¼ 2R2z2, we have

Z ¼ Dþ z1 þ z2 ¼ Dþ x2

2

!
1

R1
þ 1

R2

"
(11.14)

and

dZ ¼
!

1

R1
þ 1

R2

"
x dx; (11.15)

so that Eq. (11.13) becomes

FðDÞ ¼
Z N

D
2p

!
R1R2

R1 þ R2

"
f ðZÞdZ ¼ 2p

!
R1R2

R1 þ R2

"
W ðDÞ; (11.16)

which gives the force between two spheres in terms of the energy per unit area of two
flat surfaces at the same separation D. Eq. (11.16) is known as the Derjaguin
approximation (Derjaguin, 1934). It is applicable to any type of force law, whether
attractive, repulsive, or oscillatory, as long as the range of the interaction and the
separation D are much less than the radii of the spheres. It is a useful equation for
interpreting experimental data—for example, for comparing theory with experiment—
since it is generally easier to theoretically derive the interaction energy for two planar
surfaces, while it is usually easier to measure the force between curved surfaces, such
as two spherical particles or a sphere and a surface. Equation (11.16) is also useful for
comparing force data among different experiments, since all forces and energies are
predicted to scale by a simple geometric factor that depends only on the local radii of
the interacting surfaces. It has been well verified experimentally, as discussed in
Chapters 13–17.

R1 R2X X

D

Force

Z1

Z

Z2

dx

FIGURE 11.4 The Derjaguin approximation (Derjaguin, 1934), which relates the force law F(D) between two spheres to
the energy per unit area W(D) of two flat surfaces by Eq. (11.16): F(D) ¼ 2p[R1R2/(R1 þ R2)]W(D).
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Van Der Waals Forces

”Dispersive forces”:  exist between all bodies
Originate from interactions between fluctuating dipoles in the material

Example of experimental situations :
solid particles in an organic solvent

1.1 Surface Forces 

Lifshitz theory for symmetric interfaces

! > 0 → Van Der Waals interactions are always attractive 
and depend on the dielectric/optical index contrast

! = 3
4 ()
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9 : = − !
12;:.

Hamaker constant A [J]

Interaction energy per unit area between two surfaces

D

Interaction energy between two particles 

<=>? ∼ − 1
AB

universal scaling

in air : ! ∼ 10CDE J
in liquid : ! ∼ 10C.D − 10C.F J

Order of magnitude :



were recorded on VHS videotape using a charge coupled device
(CCD) camera (Sony CCD-IRIS). Deflections of the cantilever
were measured by using captured images at the instant of
detachment. Resolution was ! 0.4 !N, limited by the resolution
of the video recording equipment.

Physical Model Adhesion. Fabrication of synthetic setal tips. We
fabricated synthetic spatulae from two different hydrophobic
(" " 87°) polymer materials, silicone rubber (PDMS, polydi-
methylsiloxane; Dow–Corning, HS II) and polyester resin (TAP
Plastics, Dublin, CA). Young’s moduli of polymers were 0.57
MPa for the HS II and 0.85 GPa for the polyester, determined
by measuring the stiffness of molded rectangular polymer beams
of a known size. Synthetic spatulae were fabricated in dimensions
similar to natural Tokay gecko spatulae (0.2 !m; ref. 30) using
an Atomic Force Microscope (AFM)-based nanomolding tech-
nique. A flat wax surface (J. Freeman, Inc., Dorchester, MA)
was punched with an AFM probe (Nanosensors, Wetzlar-
Blankenfeld, Germany, Pointprobe cantilever with 42 N/m stiff-
ness) with a conical tip of apex radius 10–20 nm and 15 !m
height. The punched surface was then filled with polymer. After
curing, molded polymer surfaces were detached from the wax by
peeling.

Adhesion measurements for synthetic setal tips. Perpendicular
adhesion force of the fabricated spatulae was measured by a
rectangular tipless AFM probe. We used a laser micromachining
system (QuickLaze-50; New Wave Research, Fremont, CA) to
cut the tip end of a standard rectangular AFM probe (Nanosen-
sors). After calibrating the probe stiffness, perpendicular force
between the probe and the synthetic spatula was measured.
There is #30% uncertainty in the synthetic spatulae contact radii
estimates because of the AFM imaging and tipless probe contact
location and orientation errors during the pull-off measure-
ments. The rms surface roughness of PDMS and polyester were
measured by AFM as #3 nm and 5 nm, respectively; thus, the
roughness effect can be neglected. Measurements were made at
25°C and 58% relative humidity. Perpendicular forces were
measured by using a probe with 1.75 N/m stiffness and 390 nm/s
retraction speed.

Results and Discussion
Experimental Support of van der Waals Adhesion Hypothesis. The
capillary adhesion hypothesis predicts high attachment forces on
hydrophilic semiconductors (SiO2) and low attachment forces on
hydrophobic semiconductors (GaAs and Si). The van der Waals
hypothesis predicts high attachment forces on all semiconduc-
tors, regardless of hydrophobicity. Our present measurements of
live gecko toes and single setae on hydrophilic and hydrophobic
semiconductor surfaces (Fig. 1) support the van der Waals
hypothesis and reject the hypothesis that capillary adhesion
determines adhesive force. Our results also reject the hypothesis
that water contact angle (") of a surface predicts attachment
forces in gecko setae, as suggested by prior studies (24, 25, 31).
Parallel stress of live gecko toes on GaAs (0.213 N/mm2 ! 0.007;
x! ! SE; n " 39) and Si (0.218 N/mm2 !0.008; x! ! SE; n " 49)
semiconductors was not significantly different (t " $0.463; df "
86; P % 0.5; Fig. 2). Adhesion of a single gecko seta on the
hydrophobic MEMS cantilever (41.3 !N ! 0.18; x! ! SE; n " 61)
differed by only 2% from that measured on the hydrophilic
sensor (40.4 !N ! 0.13; x! ! SE; n " 70), and was similar to prior
measurements using a dual-axis piezoresistive MEMS sensor (3,
32). Strong adhesion between two hydrophobic surfaces in air,
such as adhesion of hydrophobic setae to the hydrophobic GaAs
and Si MEMS surfaces, demonstrates that the mechanism of
adhesion is van der Waals dispersion force (23).

To account for the high degree of similarity in adhesive forces
measured on surfaces with somewhat different polarizabilities,
consider that when van der Waals interactions occur between

nonviscous bodies, under equilibrium conditions, adhesion will
increase with an increase in the dielectric constant, #, (and index
of refraction, n) of one or both surfaces in approximate pro-
portion to (# $ 1)!(# & 1) (23). Thus, over 66% of the increase
in van der Waals force occurs over 1 ' # ' 5, and there is only
a small increase in van der Waals force for increases in # above
5. This may explain why we measured equivalent adhesion on
highly polarizable surfaces (GaAs, # " 10.88 and Si, # " 11.8),
and on moderately polarizable surfaces (SiO2, # % 4.5). Another
interesting possibility is that maximum setal adhesion may not be
limited by the strength of van der Waals bonds, but instead by
failure of the keratin they are made of.

We found that gecko setae are strongly hydrophobic, as
predicted for $-keratin structures (33–35). The water contact
angle (") of gecko setae was 160.9° ! 1.4 SD; n " 5. The
unusually large contact angle is likely to be caused by the
micro-roughness of the seta and skin (36, 37), as has been
discovered for the lotus plant (38). The hydrophobic nature of
the seta supports the van der Waals hypothesis, and is inconsis-
tent with the hypothesis that capillary adhesion determines
adhesive force (24, 25, 31). In fact, high setal hydrophobicity may
aid in decreasing the setal–substrate gap distance by excluding
layers of water at points of contact, further reducing the role of
capillary adhesion and increasing van der Waals forces.

van der Waals Model Predicts Actual Spatular Dimensions. If van der
Waals adhesion determines setal force, then geometry and not
surface chemistry should dictate the design of setae. Let us
represent an individual seta as a stalk with a bundle of terminal
tips (spatulae). If we model spatulae as cylinders, each with a
hemispherical end of radius R adhering to a surface, then given
our empirical measurements of adhesive force, we can apply a
useful theory of adhesion (Johnson–Kendall–Roberts; refs. 4
and 23) to predict R for the spatulae. We measured #40 !N
adhesion per seta on MEMS surfaces. There are #3,600 tetrads
of setae per mm2 (39), or 14,400 setae per mm2. Therefore,
adhesive stress from our force measurements is #576,000 N/m2

(5.68 atmospheres; 1 atm " 101.3 kPa). The Johnson–Kendall–
Roberts theory adhesion force for a sphere-plane model is F "
3!2%RW per sphere (spatula in our case). If the spatulae are
tightly packed together, the stress will be approximately (3!
2)%RW!%R2 " (3!2)W!R. Using a typical adhesion energy for
van der Waals surfaces (W " 50–60 mJ/m2), we can calculate the

Fig. 2. Tokay gecko (Gekko gecko) adhering to molecularly smooth hydro-
phobic GaAs semiconductor. The strong adhesion between the hydrophobic
surface of the gecko’s toes and the hydrophobic GaAs surfaces demonstrates
that the mechanism of adhesion in geckos is van der Waals force.

12254 " www.pnas.org!cgi!doi!10.1073!pnas.192252799 Autumn et al.
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Autumn, Kellar, et al. "Evidence for van der Waals adhesion
in gecko setae." Proceedings of the National Academy of 

Sciences 99.19 (2002): 12252-12256.

1.1 Surface Forces 

! " = − %
12(") ≈ 60 mJ. m0)

Typical adhesion energy in air : 

Molecular distance a ≈ 0.2 nm

Van Der Waals Forces
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As an illustration of retardation effects, Figure 13.6 shows experimental results
obtained for the van der Waals force law between two curved mica surfaces in aqueous
electrolyte solutions (in a liquid medium such as water the full force-law also involves
the electric double-layer force, so that some extrapolation and subtraction of this force
must be done in order to obtain the purely van der Waals force contribution to the
total interaction). For this system, the nonretarded Hamaker constant at distances
below 5 nm was found to be A ¼ 2.2 " 10#20 J, which is about 10% higher than the
theoretical value (see Table 13.3). The experimental results clearly show the onset of
retardation at separations above about 5 nm—the same distance as in the wetting film
experiments described in the previous section. Strictly, however, the Hamaker
constant is never truly constant at any separation but decreases progressively as D
increases.6

While the full Lifshitz equation (Lifshitz, 1956: Dzaloshinskii et al., 1961) includes the
effects of retardation, there is no simple equation for calculating the van der Waals force
at all separations. Mahanty and Ninham (1976) and Parsegian (2006) have described
numerical methods for computing the van der Waals force law at all distances by
solving the full Lifshitz equation; and Gregory (1981), Russel et al., (1999) have proposed
various approximate equations for dielectric media. The following equation, due to
Gregory (1981), is particularly suitable for computing the dispersion Hamaker
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FIGURE 13.6 Attractive van derWaals force F between two curvedmica surfaces of radius Rz 1 cmmeasured in water
and aqueous electrolyte solutions. The measured nonretarded Hamaker constant is A ¼ 2.2 " 10#20 J. Retardation
effects are apparent at distances above 5 nm where the measured forces are weaker than the extrapolated
nonretarded force (solid line). [Data from SFA experiments with surfaces in the crossed-cylinder geometry, equivalent
to a sphere of radius R near a flat surface or two spheres of radius 2R, adapted from Israelachvili and Adams (1978)
and Israelachvili and Pashley (unpublished).]

6Some authors prefer to use the term “Hamaker coefficient” or “Hamaker function.”

Chapter 13 • Van der Waals Forces between Particles and Surfaces 271
Measurements of Van Der Waals forces in water, 

(between two mica surfaces with R = 1 cm)



Electrostatic/double layer forces
Interactions between charged surfaces in solution

1.1 Surface Forces 

14.4 Surface Charge, Electric Field, and Counterion
Concentration at a Surface: “Contact” Values

The PB equation is a nonlinear second-order differential equation, and to solve for j we
need two boundary conditions, which determine the two integration constants. The first
boundary condition follows from the symmetry requirement that the field must vanish at
the midplane—that is, that E0 ¼ "(dj/dx)0 ¼ 0. The second boundary condition follows
from the requirement of overall electroneutrality—that is, that the total charge of the
counterions in the gap must be equal (and opposite) to the charge on the surfaces. If s is
the surface charge density on each surface (in C m"2) and D is the distance between the
surfaces (see Figure 14.2), then the condition of electroneutrality implies that

s ¼ "
Z D=2

0
zerdx ¼ þ303

Z D=2

0
ðd2j=dx2Þ2dx ¼ "303ðdj=dxÞD=2 ¼ "303ðdj=dxÞS ¼ "303ES;

that is,

ES ¼ "s=303; (14.5)

x
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0x
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x

0xD 2x D 2x

xE 0E 0

sE

sE

ss

Contact
values

d

dx

E

FIGURE 14.2 Two negatively charged surfaces of surface charge density s separated a distance D in water. The only
ions in the space between them are the counterions that have dissociated from the surfaces. The counterion
density profile rx and electrostatic potential jx are shown schematically in the lower part of the figure. The “contact”
values are rs, js and ES ¼ "(dj/dx)S.
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Why do surfaces get charged?

Polyelectrolytes

Silica/glass surface in air 

High pH

O- O-
O-

O-

Low pH

silanol 
deprotonation : 

SiOH/SiO-

Ionizable surface

Hydrophobic surfaces

OH- OH- OH-



Electrostatic/double layer forces
Interactions between charged surfaces in solution

Experimental situations : particles in water
Tuning the screening length à salt concentration
Tuning the surface charge à pH

1.1 Surface Forces 
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14.21 Van der Waals and Double-Layer Forces
Acting Together: the DLVO Theory

The total interaction between any two surfaces must also include the van der Waals
attraction. Now, unlike the double-layer interaction, the van der Waals interaction
potential is largely insensitive to variations in electrolyte concentration and pH, and so
may be considered as fixed in a first approximation. Further, the van der Waals attraction
must always exceed the double-layer repulsion at small enough distances since it is
a power law interaction (i.e., W f !1/Dn), whereas the double-layer interaction energy
remains finite or rises much more slowly as D/ 0. Figure 14.13 shows schematically the
various types of interaction potentials that can occur between two similarly charged
surfaces or colloidal particles in a 1:1 electrolyte solution under the combined action of
these two forces. Depending on the electrolyte concentration and surface charge density
or potential one of the following may occur:

• For highly charged surfaces in dilute electrolyte (i.e., long Debye length), there is
a strong long-range repulsion that peaks at some distance, usually between 1 and
5 nm, at the force or energy barrier, which is often high (many kT).

• In more concentrated electrolyte solutions there is a significant secondary minimum,
usually beyond 3 nm, before the energy barrier closer in. The potential energy
minimum at contact is known as the primary minimum. For a colloidal system, even
though the thermodynamically equilibrium state may be with the particles in contact
in the deep primary minimum, the energy barrier may be too high for the particles to
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2.5 Discussion
In the presented method of lateral calibration, the derivation of the total torque ⌧ [16][17] resides on the assump-
tion that the center of the hydrodynamics force is in the center of the sphere [14][19]. However when the height
h0 becomes small enough compared to R, the shear field becomes more important close to the substrate and the
center of the hydrodynamic force may move, resulting in a lever arm longer than R. That could explain why the
fitting function would underestimate the experimental torque for the smaller heights h0. Numerical calculations
pretend nevertheless that this could be significant for only h0 Ì 0.05R [18]. It is then possible that for h0 Ì 0.1R
this e�ect explains the deviation from the formula.

3 Long-ranged electrostatics
The electrostatics can play an important role in the rheology of dense suspensions as it may cause a lubricated
to frictional transition when the Debye length becomes of the same order of magnitude as the surface roughness
[20][21]. Measuring long-range electrostatic forces enables to obtain information on the surface physicochem-
istry and is also a good way to calibrate and probe the sensitivity of our setup.

3.1 Method and analysis
The method consists in recording a ramp to the contact with the substrate at a speed so slow that the electrostatics
dominate the hydrodynamics. In this study, to verify the absence of dependence on approach velocity, approach
velocities were usually varying between 10 nm�s*1 and 1 µm�s*1. However, the regime of speed where the
electrostatics dominate over the hydrodynamics also depends on the radius R of the sphere as the hydrodynamic
forces scale as R2 whereas the electrostatic forces scale as R.

According to the DLVO theory (Derjaguin, Landau, Verwey and Overbeek) [22], the repulsion between two
plane surfaces of the same surface charge � (in C�m*2) is screened by the presence of ions in-between. In its
linearized version, the surface energy W (in J�m*2) related to this screened repulsion is:

W (h) = 2�2
"0"r

exp (*h) (7)

Where "0 is vacuum permittivity [F�m*1], "r is the relative static permittivity (dimensionless), *1 is the
Debye length and h is the gap width.

Using the Derjaguin approximation, the force exerted on the sphere can be expressed as: F = 2⇡RW

��

Figure 13: Analysis of the electrostatic repulsion in solutions of sodium chloride NaCl at concentration
C À {1, 10, 100} mmol�L*1.

The normal deflection is converted in a normal force and then in surface energy. In order to evidence the
exponential behaviour, the ordinate scale is logarithmic in the Figure 13. The fit estimates the Debye length and
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(AFM data from Guilhem Mariette)
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suspension. We first compare the quasi-static avalanche angle,

compaction, and dilatancy effects, in a standard Newtonian

suspension (large glass beads) and a typical shear-thickening

suspension (starch particles) flowing under gravity. This com-

parison reveals that particles in shear-thickening suspensions are

frictionless under low confining pressure. Then, to bridge micro-

scopic contact physics to the macroscopic rheology, we use a

model suspension (silica beads) where the short-range repulsive

force can be tuned. We find that this shear-thickening suspen-

sion, which has a frictionless state under low stress, no longer

shear thickens when its frictionless state is suppressed.

Results

Steady Avalanches. A simple way to probe the frictional behav-

ior of a suspension is to measure its quasi-static avalanche

angle in a rotating drum using nonbuoyant particles (20, 21).

For the sake of clarity, we compared the avalanche angle of a

standard Newtonian suspension made of large frictional glass

beads of diameter d =500 µm (Fig. 1A, Left), to that of a typ-

ical shear-thickening suspension made of potato starch parti-

cles (d =25 µm) immersed in water (Fig. 1A, Right). In both

cases, the particle density ⇢p is larger than that of the suspending

fluid ⇢f and the fluid viscosity ⌘f is chosen so that the Stokes

number St is low and inertial effects can be neglected (St=p
⇢p�⇢gd3/18⌘f ⇠ 10�2

where �⇢= ⇢p � ⇢f and g stands for

A

B

C

Fig. 1. Steady avalanches in (Left) Newtonian and (Right) shear thickening
suspensions. (A) Picture and rheograms (viscosity ⌘ vs. shear-rate �̇) of (Left)
a Newtonian suspension of large glass beads (�= 50%) and (Right) a shear-
thickening suspension of potato starch particles (�= 40%). Rheograms were
obtained in the configuration shown, using density-matched suspensions.
(B, Center) Sketch of the rotating drum. Shown are pictures of a typical
steady avalanche for (B, Left) the glass beads immersed in a mixture of Ucon
oil and water and (B, Right) the potato starch immersed in water. (C) Angle
of avalanche ✓ vs. time for (Left) the glass beads and (Right) the potato
starch. (C, Insets) Steady-state avalanche angle ✓s vs. drum rotation speed !
(see Materials and Methods for the detailed description of particles, fluids,
and experimental protocol).

gravity) (21). Both suspensions are placed within a rotating drum

as shown in the experimental setup illustrated in Fig. 1B, Center.
By imposing a slow and constant rotation speed !, the nonbuoy-

ant grains at the surface of the pile flow under their own weight,

forming a steady avalanche of angle ✓ on top of a region experi-

encing a rigid rotation with the drum (20). In such a configura-

tion, the confining pressure acting on the flowing layer of grains

is P =��⇢gh cos ✓, where h is the height of the flowing layer

and � its volume fraction; the corresponding tangential stress

is ⌧ =��⇢gh sin ✓. In the steady state, the macroscopic friction

coefficient of the suspension µ is directly given by the avalanche

angle because by definition µ= ⌧/P = tan ✓. The avalanche

angle ✓ thus provides access to the macroscopic friction coeffi-

cient of the suspension µ, which itself depends monotonically on

the particle friction coefficient µp (22). For frictional grains, the

macroscopic friction coefficient µ' 0.4 has only a weak depen-

dence on µp and yields a typical avalanche angle ✓' 25� (21).

However, when the interparticle friction µp becomes very small

(below 0.1), the macroscopic friction µ sharply drops. However,

because of steric constraints, µ remains finite as µp ! 0. For fric-

tionless spherical particles (µp =0), discrete simulations predict

a quasi-static macroscopic friction µ=0.105, corresponding to

a nonzero avalanche angle ✓=5.76� (23). Therefore, measuring

the pile angle of steady avalanches constitutes a simple, yet deci-

sive way to probe the interparticle friction coefficient in suspen-

sions. Moreover, in this rotating drum configuration, the slope of

the avalanche is set by the flowing layer of grains that is located

near the free surface of the pile. For the low rotation speeds

investigated here, the thickness of the layer h is of the order of a

few particle diameters (h ⇠ 10 d) (24). This means that the mea-

sure of the avalanche angle gives access to the frictional state of

the grains under very low confining pressure. Typically, for the

potato starch particles, the confining pressure within the flowing

layer is P ⇠ 10��⇢gd ' 1 Pa.

For the Newtonian suspension of large glass beads, the ava-

lanche angle ✓ shows classical hysteretic fluctuations (20) around

a time-averaged angle ✓s ' 25� (picture in Fig. 1B, Left and data

in Fig. 1C, Left). This angle corresponds to a suspension friction

coefficient µ' 0.47, which is a usual value for frictional particles.

The striking result is that, under the same flowing conditions,

the shear-thickening suspension of potato starch particles yields

a much lower avalanche angle (picture in Fig. 1B, Right and data

in Fig. 1C, Right). The suspension can flow steadily with an angle

of avalanche as small as ✓s ' 8.5�. This angle corresponds to a

suspension friction coefficient µ' 0.15, showing that the fric-

tion coefficient between particles is nearly vanishing. The sus-

pension friction coefficient (µ' 0.15) here is slightly larger than

the expected value for frictionless spheres (µ=0.105) because

potato starch particles are prolate, which geometrically increases

the macroscopic friction coefficient (25, 26). Importantly, in the

range of drum rotation speeds ! investigated, the avalanche

angles reported here do not depend on ! (Fig. 1C, Left and Right
Insets). They thus characterize the frictional properties of the

suspension in its quasi-static regime, i.e., when the suspension

reaches its critical jamming state (9).

Compaction and Dilatancy. Another robust way to probe the fric-

tional behavior of a suspension is to investigate compaction and

dilatancy effects (21). The protocol is the following: Particles are

first suspended entirely within the drum before being allowed to

sediment (Fig. 2A). The sediment is then compacted by gently

hitting the drum with a rubber-head hammer Ntaps times. The

volume fraction � of the sediment (the ratio of the particle vol-

ume to the total volume of the sediment) is measured through-

out this compaction process. Finally, the drum is quickly rotated

by a fixed angle ✓s +10� above the steady-state avalanche angle,

to generate a transient avalanche whose angle ✓t is measured

vs. time.
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suspension. We first compare the quasi-static avalanche angle,

compaction, and dilatancy effects, in a standard Newtonian

suspension (large glass beads) and a typical shear-thickening

suspension (starch particles) flowing under gravity. This com-

parison reveals that particles in shear-thickening suspensions are

frictionless under low confining pressure. Then, to bridge micro-

scopic contact physics to the macroscopic rheology, we use a

model suspension (silica beads) where the short-range repulsive

force can be tuned. We find that this shear-thickening suspen-

sion, which has a frictionless state under low stress, no longer

shear thickens when its frictionless state is suppressed.

Results

Steady Avalanches. A simple way to probe the frictional behav-

ior of a suspension is to measure its quasi-static avalanche

angle in a rotating drum using nonbuoyant particles (20, 21).

For the sake of clarity, we compared the avalanche angle of a

standard Newtonian suspension made of large frictional glass

beads of diameter d =500 µm (Fig. 1A, Left), to that of a typ-

ical shear-thickening suspension made of potato starch parti-

cles (d =25 µm) immersed in water (Fig. 1A, Right). In both

cases, the particle density ⇢p is larger than that of the suspending

fluid ⇢f and the fluid viscosity ⌘f is chosen so that the Stokes
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Fig. 1. Steady avalanches in (Left) Newtonian and (Right) shear thickening
suspensions. (A) Picture and rheograms (viscosity ⌘ vs. shear-rate �̇) of (Left)
a Newtonian suspension of large glass beads (�= 50%) and (Right) a shear-
thickening suspension of potato starch particles (�= 40%). Rheograms were
obtained in the configuration shown, using density-matched suspensions.
(B, Center) Sketch of the rotating drum. Shown are pictures of a typical
steady avalanche for (B, Left) the glass beads immersed in a mixture of Ucon
oil and water and (B, Right) the potato starch immersed in water. (C) Angle
of avalanche ✓ vs. time for (Left) the glass beads and (Right) the potato
starch. (C, Insets) Steady-state avalanche angle ✓s vs. drum rotation speed !
(see Materials and Methods for the detailed description of particles, fluids,
and experimental protocol).

gravity) (21). Both suspensions are placed within a rotating drum

as shown in the experimental setup illustrated in Fig. 1B, Center.
By imposing a slow and constant rotation speed !, the nonbuoy-

ant grains at the surface of the pile flow under their own weight,

forming a steady avalanche of angle ✓ on top of a region experi-

encing a rigid rotation with the drum (20). In such a configura-

tion, the confining pressure acting on the flowing layer of grains

is P =��⇢gh cos ✓, where h is the height of the flowing layer

and � its volume fraction; the corresponding tangential stress

is ⌧ =��⇢gh sin ✓. In the steady state, the macroscopic friction

coefficient of the suspension µ is directly given by the avalanche

angle because by definition µ= ⌧/P = tan ✓. The avalanche

angle ✓ thus provides access to the macroscopic friction coeffi-

cient of the suspension µ, which itself depends monotonically on

the particle friction coefficient µp (22). For frictional grains, the

macroscopic friction coefficient µ' 0.4 has only a weak depen-

dence on µp and yields a typical avalanche angle ✓' 25� (21).

However, when the interparticle friction µp becomes very small

(below 0.1), the macroscopic friction µ sharply drops. However,

because of steric constraints, µ remains finite as µp ! 0. For fric-

tionless spherical particles (µp =0), discrete simulations predict

a quasi-static macroscopic friction µ=0.105, corresponding to

a nonzero avalanche angle ✓=5.76� (23). Therefore, measuring

the pile angle of steady avalanches constitutes a simple, yet deci-

sive way to probe the interparticle friction coefficient in suspen-

sions. Moreover, in this rotating drum configuration, the slope of

the avalanche is set by the flowing layer of grains that is located

near the free surface of the pile. For the low rotation speeds

investigated here, the thickness of the layer h is of the order of a

few particle diameters (h ⇠ 10 d) (24). This means that the mea-

sure of the avalanche angle gives access to the frictional state of

the grains under very low confining pressure. Typically, for the

potato starch particles, the confining pressure within the flowing

layer is P ⇠ 10��⇢gd ' 1 Pa.

For the Newtonian suspension of large glass beads, the ava-

lanche angle ✓ shows classical hysteretic fluctuations (20) around

a time-averaged angle ✓s ' 25� (picture in Fig. 1B, Left and data

in Fig. 1C, Left). This angle corresponds to a suspension friction

coefficient µ' 0.47, which is a usual value for frictional particles.

The striking result is that, under the same flowing conditions,

the shear-thickening suspension of potato starch particles yields

a much lower avalanche angle (picture in Fig. 1B, Right and data

in Fig. 1C, Right). The suspension can flow steadily with an angle

of avalanche as small as ✓s ' 8.5�. This angle corresponds to a

suspension friction coefficient µ' 0.15, showing that the fric-

tion coefficient between particles is nearly vanishing. The sus-

pension friction coefficient (µ' 0.15) here is slightly larger than

the expected value for frictionless spheres (µ=0.105) because

potato starch particles are prolate, which geometrically increases

the macroscopic friction coefficient (25, 26). Importantly, in the

range of drum rotation speeds ! investigated, the avalanche

angles reported here do not depend on ! (Fig. 1C, Left and Right
Insets). They thus characterize the frictional properties of the

suspension in its quasi-static regime, i.e., when the suspension

reaches its critical jamming state (9).

Compaction and Dilatancy. Another robust way to probe the fric-

tional behavior of a suspension is to investigate compaction and

dilatancy effects (21). The protocol is the following: Particles are

first suspended entirely within the drum before being allowed to

sediment (Fig. 2A). The sediment is then compacted by gently

hitting the drum with a rubber-head hammer Ntaps times. The

volume fraction � of the sediment (the ratio of the particle vol-

ume to the total volume of the sediment) is measured through-

out this compaction process. Finally, the drum is quickly rotated

by a fixed angle ✓s +10� above the steady-state avalanche angle,

to generate a transient avalanche whose angle ✓t is measured

vs. time.
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suspension. We first compare the quasi-static avalanche angle,

compaction, and dilatancy effects, in a standard Newtonian

suspension (large glass beads) and a typical shear-thickening

suspension (starch particles) flowing under gravity. This com-

parison reveals that particles in shear-thickening suspensions are

frictionless under low confining pressure. Then, to bridge micro-

scopic contact physics to the macroscopic rheology, we use a

model suspension (silica beads) where the short-range repulsive

force can be tuned. We find that this shear-thickening suspen-

sion, which has a frictionless state under low stress, no longer

shear thickens when its frictionless state is suppressed.

Results

Steady Avalanches. A simple way to probe the frictional behav-

ior of a suspension is to measure its quasi-static avalanche

angle in a rotating drum using nonbuoyant particles (20, 21).

For the sake of clarity, we compared the avalanche angle of a

standard Newtonian suspension made of large frictional glass

beads of diameter d =500 µm (Fig. 1A, Left), to that of a typ-

ical shear-thickening suspension made of potato starch parti-

cles (d =25 µm) immersed in water (Fig. 1A, Right). In both
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fluid ⇢f and the fluid viscosity ⌘f is chosen so that the Stokes
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Fig. 1. Steady avalanches in (Left) Newtonian and (Right) shear thickening
suspensions. (A) Picture and rheograms (viscosity ⌘ vs. shear-rate �̇) of (Left)
a Newtonian suspension of large glass beads (�= 50%) and (Right) a shear-
thickening suspension of potato starch particles (�= 40%). Rheograms were
obtained in the configuration shown, using density-matched suspensions.
(B, Center) Sketch of the rotating drum. Shown are pictures of a typical
steady avalanche for (B, Left) the glass beads immersed in a mixture of Ucon
oil and water and (B, Right) the potato starch immersed in water. (C) Angle
of avalanche ✓ vs. time for (Left) the glass beads and (Right) the potato
starch. (C, Insets) Steady-state avalanche angle ✓s vs. drum rotation speed !
(see Materials and Methods for the detailed description of particles, fluids,
and experimental protocol).

gravity) (21). Both suspensions are placed within a rotating drum

as shown in the experimental setup illustrated in Fig. 1B, Center.
By imposing a slow and constant rotation speed !, the nonbuoy-

ant grains at the surface of the pile flow under their own weight,

forming a steady avalanche of angle ✓ on top of a region experi-

encing a rigid rotation with the drum (20). In such a configura-

tion, the confining pressure acting on the flowing layer of grains

is P =��⇢gh cos ✓, where h is the height of the flowing layer

and � its volume fraction; the corresponding tangential stress

is ⌧ =��⇢gh sin ✓. In the steady state, the macroscopic friction

coefficient of the suspension µ is directly given by the avalanche

angle because by definition µ= ⌧/P = tan ✓. The avalanche

angle ✓ thus provides access to the macroscopic friction coeffi-

cient of the suspension µ, which itself depends monotonically on

the particle friction coefficient µp (22). For frictional grains, the

macroscopic friction coefficient µ' 0.4 has only a weak depen-

dence on µp and yields a typical avalanche angle ✓' 25� (21).

However, when the interparticle friction µp becomes very small

(below 0.1), the macroscopic friction µ sharply drops. However,

because of steric constraints, µ remains finite as µp ! 0. For fric-

tionless spherical particles (µp =0), discrete simulations predict

a quasi-static macroscopic friction µ=0.105, corresponding to

a nonzero avalanche angle ✓=5.76� (23). Therefore, measuring

the pile angle of steady avalanches constitutes a simple, yet deci-

sive way to probe the interparticle friction coefficient in suspen-

sions. Moreover, in this rotating drum configuration, the slope of

the avalanche is set by the flowing layer of grains that is located

near the free surface of the pile. For the low rotation speeds

investigated here, the thickness of the layer h is of the order of a

few particle diameters (h ⇠ 10 d) (24). This means that the mea-

sure of the avalanche angle gives access to the frictional state of

the grains under very low confining pressure. Typically, for the

potato starch particles, the confining pressure within the flowing

layer is P ⇠ 10��⇢gd ' 1 Pa.

For the Newtonian suspension of large glass beads, the ava-

lanche angle ✓ shows classical hysteretic fluctuations (20) around

a time-averaged angle ✓s ' 25� (picture in Fig. 1B, Left and data

in Fig. 1C, Left). This angle corresponds to a suspension friction

coefficient µ' 0.47, which is a usual value for frictional particles.

The striking result is that, under the same flowing conditions,

the shear-thickening suspension of potato starch particles yields

a much lower avalanche angle (picture in Fig. 1B, Right and data

in Fig. 1C, Right). The suspension can flow steadily with an angle

of avalanche as small as ✓s ' 8.5�. This angle corresponds to a

suspension friction coefficient µ' 0.15, showing that the fric-

tion coefficient between particles is nearly vanishing. The sus-

pension friction coefficient (µ' 0.15) here is slightly larger than

the expected value for frictionless spheres (µ=0.105) because

potato starch particles are prolate, which geometrically increases

the macroscopic friction coefficient (25, 26). Importantly, in the

range of drum rotation speeds ! investigated, the avalanche

angles reported here do not depend on ! (Fig. 1C, Left and Right
Insets). They thus characterize the frictional properties of the

suspension in its quasi-static regime, i.e., when the suspension

reaches its critical jamming state (9).

Compaction and Dilatancy. Another robust way to probe the fric-

tional behavior of a suspension is to investigate compaction and

dilatancy effects (21). The protocol is the following: Particles are

first suspended entirely within the drum before being allowed to

sediment (Fig. 2A). The sediment is then compacted by gently

hitting the drum with a rubber-head hammer Ntaps times. The

volume fraction � of the sediment (the ratio of the particle vol-

ume to the total volume of the sediment) is measured through-

out this compaction process. Finally, the drum is quickly rotated

by a fixed angle ✓s +10� above the steady-state avalanche angle,

to generate a transient avalanche whose angle ✓t is measured

vs. time.
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A B C D

Fig. 3. Steady avalanches, compaction, and dilatancy effects in suspensions of silica beads in (black) pure water or (green) ionic solution. (A) Picture of the
silica particles and sketch of a silica bead immersed in an ionic solution. Silica particles spontaneously carry negative charges on their surface when immersed
in water. The range of the resulting repulsive force, i.e., the Debye length �D, can be tuned by changing the ionic concentration of the solvent. (B–D) Pile
slope avalanche angle ✓ vs. time (B), relative packing fraction of the sediment ��=�(Ntaps) ��(Ntaps = 0) vs. number of taps (C), and transient avalanche
angle ✓t vs. time (D) for the silica beads in (green) a sodium chloride solution with [NaCl] = 0.1 mol·L�1 and in (black) pure water.

fraction may thus lie anywhere between the latter value and

0.64 (random close packing), depending on the system size.]

Conversely, the silica beads in pure water behave as frictionless

particles (Fig. 3 B–D, black data). The steady-state avalanche

angle is ✓s ' 6�. This value is remarkably close to the quasi-

static macroscopic friction angle obtained numerically for ideal

frictionless spheres ✓s =5.76� ± 0.22 (23). Additionally, no com-

paction of the granular bed and no discernable effect of the initial

packing on the transient avalanches are observed. These results

clearly demonstrate that the presence of a short-range repulsive

force can lead under low stress to a frictionless behavior of the

particles.

To further inquire about the microscopic origin of this friction-

less behavior under low stress, we measured the steady avalanche

angle ✓s as a function of the salt concentration [NaCl]. Fig. 4A
shows that the suspension transits progressively from frictionless

with ✓s ' 6� in pure water to frictional with ✓s ' 30� when the

salt concentration [NaCl] is increased. In addition to this macro-

scopic measurement, we also characterized the particle rough-

ness with an atomic force microscopy (AFM) and found that

the peak roughness of the silica particles is `r =3.73 ± 0.80 nm.

Because the Debye length is entirely set by the salt concentra-

tion, �D =0.304/
p

[NaCl] nm (at T =25 �
C) (36), we can plot

the steady avalanche angle ✓s as a function of `r/�D (Fig. 4A,

Top Inset). Interestingly, the transition from frictionless to fric-

tional occurs for `r/�D ⇠ 1. This result strongly supports the idea

that the frictionless state arises from the interparticle repulsive

force caused by the electrostatic double layer. When its range is

smaller than the particle roughness, this force becomes ineffec-

tive to prevent the grains from touching and the system is fric-

tional. According to the scenario described in the Introduction

(7, 8), the frictional transition should occur when the confining

pressure P exerted by the weight of the granular layer equals

the critical pressure Pc that the short-range repulsive forces can

sustain. Assuming that the repulsive force follows an exponential

decay as Frep(z )=F0 exp(�z/�D) (36), where z is the distance

between the particles surfaces, the critical pressure at contact z =
2`r writes Pc ⇠Frep(2`r )/(⇡d

2/4)⇠ (4F0/⇡d
2) exp(�2`r/�D).

Matching it to the confining pressure P ⇠ 10��⇢gd predicts

a transition when `r/�D ⇠�(1/2) log(10⇡��⇢gd3/4F0). Using

F0/d ⇠ 1 mN/m as reported for silica surfaces in NaCl elec-

trolytes (35) yields `r/�D ' 1.9, in fair agreement with the tran-

sition observed in Fig. 4A.

Finally, we investigate whether for this model suspension,

the existence of a frictionless state under low confining pres-

sure leads to a shear-thickening rheology and whether the elim-

ination of this state (by screening repulsive forces) restores a

Newtonian behavior. Rheograms of the silica suspensions were

obtained using the configuration sketched in Fig. 4B, Inset.
Because silica particles are denser than the aqueous suspend-

ing fluid, we used a double helix with tilted blades shearing

the entire sample to avoid sedimentation and maintain the

homogeneity of the suspension during the measurement. We

then define an effective viscosity ⌘eff =↵�/(2⇡⌦L3) given by

the ratio of the effective stress �/L3
, where � is the torque

and L the helix diameter, to the effective shear rate 2⇡⌦
given by the revolution speed ⌦ of the helix. The constant

↵' 0.483 is set to ensure that the effective viscosity matches the

actual viscosity for a Newtonian fluid. We performed rheological

measurements on two suspensions of silica particles immersed

in water with a salt concentration [NaCl]=10�4
mol·L�1

and

A B

Fig. 4. Frictional transition in silica suspensions when varying the range of
the repulsive force and link with macroscopic rheology. (A) Steady avalanche
angle ✓s vs. salt concentration [NaCl]. (A, Top Inset) Steady avalanche angle
✓s vs. particle roughness normalized by the Debye length `r/�D. (A, Bot-

tom Inset) AFM scan of a silica particle surface. The peak roughness is
`r = 3.73 ± 0.80 nm. (B) Rheograms of silica bead suspensions obtained for
different volume fractions in solutions of water and NaCl with salt concen-
tration (Top) [NaCl]= 10�4 mol·L�1 and (Bottom) [NaCl]= 0.1 mol·L�1. The
effective viscosity is ⌘eff =↵�/(2⇡⌦L

3), where � is the torque, ⌦ is the revo-
lution speed, and ↵' 0.483 is a calibration constant. (B, Inset) Sketch of the
experimental configuration used to obtain the rheograms.

5150 | www.pnas.org/cgi/doi/10.1073/pnas.1703926114 Clavaud et al.
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Relevance of electrostatic double layer forces at the macroscopic scale of the suspension
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Ionic correlations can lead to the emergence of attractive forces between same-charge surfaces

Palaia, Ivan, et al. "Like-charge attraction at the nanoscale: ground-state 
correlations and water destructuring." The Journal of Physical Chemistry B
126.16 (2022): 3143-3149.
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ABSTRACT: Like-charge attraction, driven by ionic correlations,
challenges our understanding of electrostatics both in soft and hard
matter. For two charged planar surfaces confining counterions and
water, we prove that, even at relatively low correlation strength, the
relevant physics is the ground-state one, oblivious of fluctuations.
Based on this, we derive a simple and accurate interaction pressure
that fulfills known exact requirements and can be used as an
effective potential. We test this equation against implicit-solvent
Monte Carlo simulations and against explicit-solvent simulations of
cement and several types of clays. We argue that water
destructuring under nanometric confinement drastically reduces
dielectric screening, enhancing ionic correlations. Our equation of state at reduced permittivity therefore explains the exotic
attractive regime reported for these materials, even in the absence of multivalent counterions.

■ INTRODUCTION
When two identically charged colloids are immersed in a
solvent, their electrostatic interaction is mediated by
fluctuating smaller species, such as microions.1−6 Pioneered
by Gouy7 and Chapman,8 the statistical treatment of this
phenomenon, accounting for thermal fluctuations, is a
cornerstone of colloid science and goes by the name of the
Poisson−Boltzmann theory.3,9 Within such a theory, macro-
molecules bearing a charge of the same sign invariably
experience a repulsive force, which provides the Coulombic
contribution to the DLVO theory.3,6 In this framework,
electrostatic interactions between similar bodies, of arbitrary
geometry, are necessarily repulsive.10 However, as initially
shown by Monte Carlo simulations11 and integral equations
studies,12 like-charge macromolecules in solution can attract.
This counterintuitive phenomenon is the hallmark of electro-
static correlations between ions.13 Experiments and system-
specific simulations proved it to be of paramount importance
to explain cement cohesion,14−16 docking of vesicles,17,18 and
DNA condensation in viruses or cells,19 as well as the behavior
of like-charged mica surfaces,20 polyelectrolytes,21 lamellar
systems,22 and lipid bilayers.23,24 A time-honored rule of
thumb is that like-charge attraction requires multivalent
counterions.2,4,9

From a theoretical standpoint, like-charge attraction
provides a complex many-body problem.25−37 Analytical
progress is solely possible in the case where counterions are
the only small species present (no added salt) and for simple
geometries, e.g., where point ions are confined in water
between two planar charged surfaces. These simplifications

maintain the physical relevance: on one hand, confinement
often leads to co-ion exclusion and no-salt conditions;38−40 on
the other hand, effective interactions for more complex
geometries can be obtained by means of a Derjaguin
approximation, once the planar geometry has been solved.41

We shall address the problem of understanding the equation
of state of a correlated salt-free system with point-like
counterions confined between two charged planes: this
means describing how the force between planes changes with
their distance. The system is represented in the insets of Figure
1, while the rest of the figure shows a sketch of its equation of
state, which is nonmonotonic. We argue below that the
challenge is to understand the increasing : branch, while the
short distance ,* regime follows from a simple ideal gas
argument. More importantly, it is the : branch that is relevant
for a number of applications. While much analytical and
computational effort has been invested in this very question
and the role of ionic correlations emphasized,13,25,27,30−37,42−45

most theories fail at accounting for the : branch.
Our motivation is 3-fold. First, we show that the : branch

is more universal than previously thought and is closely related
to the zero-temperature equation of state. Second, elaborating
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Cantilevers with low spring constant values have been
chosen to be sufficiently sensitive to forces in liquid. In
solution, the rate of the vertical motion performed during
the approach-retract cycles was lowered to 50 nm s-1 to
avoid changing the viscosity of the medium. The force
versus separation curves presented in this paper are
limited to the range of 0-40 nm to increase the resolution
of the measurements. However, in each case, first mea-
surements are performed with great displacements (1 µm).
In these conditions, the probe and the substrate are kept
in contact until 2 s. The maximum force applied by the
cantilever (k ) 0.6 N m-1) reaches 10-20 nN. In the
compliance regime, the deflexion was always equal to the
displacement without any instability, proving that there
is no other interaction regime at a shorter distance (see
Figure 3).

Two examples of the force curves directly calculated
from the cantilever deflection and scanner displacement
according to eq 2 are presented in Figure 4; in each case,
the upper curve relates to the approach of the tip from the
substrate, whereas the lower one corresponds to the
retraction.

A hysteresis appears between the two curves because
of the sticking of the tip onto the substrate. Negative force
values correspond to attraction and positive ones to
repulsion between C-S-H surfaces. The vertical slope at
small separation distances corresponds to the contact
between the tip and the substrate. Several things can be
deduced from these force curves. First, the nature of the
interaction between C-S-H particles, i.e., attractive (only
negative forces occurring), repulsive (only positive forces
occurring), or attracto-repulsive (both negative and posi-
tive forces occurring) can be determined along the tip-
substrate distance. Second, the values of the forces can
be measured. Adhesion force is measured at the lowest
point of the hysteresis loop before the probe snaps away
from the surface; likewise, repulsive force is measured in
the upper part of the hysteresis loop while approaching
the surface.

1. Interaction in Calcium Hydroxide Solutions. The
simplest solution simulating the pore solution of a
hydrated cement paste is a calcium hydroxide solution.
That is why it is important to first investigate the surface
forces in lime solutions. Details of typical force curves
measured between C-S-H surfaces in equilibrium with
solutions of different calcium hydroxide concentrations
ranging from 0.2 to 19.1 mmol L-1 are presented in Figure
5.

The force curves reveal different behaviors with the
increase of the lime concentration in solution: for the
lowest calcium hydroxide concentration, the interaction
is purely repulsive; for concentrations less than or equal
to about 3.15 mmol L-1, attracto-repulsive interactions
are observed; and the interactions are purely attractive

for higher concentrations. Furthermore, the intensity of
the attractive force increases with the calcium hydroxide
concentration. The evolution of the adhesion force with
the calcium hydroxide concentration is plotted in Figure
6.

As previously mentioned, the measurement error is
estimated from the standard deviation of the values
obtained from 100 different measurements. These disper-
sions in the case of the lowest and highest lime concen-
trations are shown in Figure 7.

The widest dispersion observed with the most concen-
trated lime solution may be due to higher roughness, as
revealed by AFM imaging. Although the experimental
error on the measurement increases with the lime
concentration, the adhesion force significantly increases
and is about 5 times greater at the highest concentration
than at the lowest. The change from an attracto-repulsive
to a purely attractive regime corresponds to the jump in
the evolution of the adhesion force between 2 and 4 mmol
L-1 of calcium hydroxide in solution.

In the mean field approach, according to the DLVO
theory, the interaction forcesbetweentwochargedsurfaces

Figure 4. Typical experimental force curves deduced from the approach-retraction cycle of the tip. (a) Attracto-repulsive interaction.
(b) Purely attractive interaction.

Figure 5. Interaction forces measured between a micrometric
flat C-S-H surface and a C-S-H nanocrystal at the top of an
AFM tip immersed in Ca(OH)2 solutions of different concentra-
tions (series 1 in Table 1). Lines are only guides for eyes.

Figure 6. Evolution of the adhesion between a micrometric
flat C-S-H surface and a C-S-H nanocrystal at the top of an
AFM tip according to the Ca(OH)2 concentration in the solution
in which they are immersed. The error bars are twice the
standard deviation on 100 different measurements.

Nanoscale Experimental Investigation of Particle Interactions Langmuir, Vol. 21, No. 16, 2005 7267

Plassard, Cédric, et al. "Nanoscale experimental investigation of 
particle interactions at the origin of the cohesion of cement." 
Langmuir 21.16 (2005): 7263-7270.

!" =
$%

4'()(*+",
≈ 0.7 nm in bulk water“Bjerrum Length”

à Necessary to explain cement cohesion (high surface charge/high salinity/divalent ions like Ca2+)
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1.1 Surface Forces 

Example of the effect of superplasticizer on cement rheology

Polymer induced steric forces



energy per unit area is a complex series, but over the distance regime fromD¼ 8Rg down
to D ¼ 2Rg, it is roughly exponential (see Figure 1 of Dolan and Edwards, 1974) and is
adequately given by

W ðDÞ ¼ 2GkTe$D2=4R2
g þ.z 36GkTe$D=Rg J m$2 (16.3a)

or1 W ðDÞz 36kTe$D=Rg J per molecule (16.3b)

which corresponds to a pressure of

PðDÞ ¼ $dW=dDzþ 36ðGkT=RgÞe$D=Rg N m$2 (16.3c)

Aqueous phase
S
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FIGURE 16.4 Forces between end-grafted uncharged polyethylene oxide surfaces at three different surface
concentrations of DSPE-EO45 in 0.5–4.2 mM KNO3 solutions at 21&C, where the EO45 coil has a Flory radius of RF ¼
3.5 nm. The areas occupied by each DSPE-EO45 and DSPEmolecule is 0.43 nm2, so that the transition from low coverage
mushrooms to high coverage brushes occurs when the DSPE-EO45mole fraction is f¼ 0.43/(3.5)2¼ 0.035, or 3.5 mole%,
which falls in the middle of the tested range from 1.3 to 9.0 mole %. At larger separations the repulsions are
dominated by the double-layer forces between the negatively charged surfaces (the DSPE-EO45 headgroups) because,
in these dilute electrolyte solutions, the Debye lengths are longer than the characteristic decay lengths of the steric
forces. See Figure 16.11 for the very different forces when the polymer is not attached or adsorbed to the surfaces.
[Data from SFA experiments with surfaces in the crossed-cylinder geometry, equivalent to a sphere of radius R near
a flat surface or two spheres of radius 2R, adapted from Kuhl et al., 1994.]

1Li and Pincet (2007) proposed and satisfactorily tested a more accurate form for Eq. (16.3b) of W ðDÞz
36kTe$

ffiffi
3
p

D=Rg , while for dense mushrooms, where the chains overlap at the mid-plane, Deff / ½D, and
W ðDÞ/36kTe$

ffiffi
3
p

D=2Rg .
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1.1 Surface Forces Polymer induced steric forces – grafted chains

« Brush »« Mushroom »

Grafted PEO in water

Approximate interaction energy for mushrooms:

! " ≈ 36. Γ. k)T. e,-//0
Surface coverage 

density Γ (m-2) 
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distance 12

Steric repulsion of entropic origin.
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1.1 Surface Forces 

« Brush »« Mushroom »

For polymer brushes

! " ≈ k%T. Γ
)
*. 2,

"

-
.
− "

2,

)
.

≈ 32 ⋅ Γ
)
*⋅ 23. 4567/9

“Alexander-de Gennes”

Further results on the interactions between biological surfaces that exhibit brush-like
interactions are discussed in Chapter 21.

The steric forces between surfaces with end grafted chains are now fairly well
understood both theoretically and experimentally. This is because they are reasonably
well defined: each molecule is permanently attached to the surface at one end, the
coverage is fixed, and the molecules do not interact either with each other or with the two
surfaces. Di-block copolymers are often employed for producing mushroom or brushes:
one of the blocks binds strongly to the surface, acting as the anchoring group, while the
other protrudes into the solvent to form the diffuse polymer layer.

Things are much more complicated with physisorbed or weakly bound polymers.
Many homopolymers do not have specific anchoring groups that chemisorb irreversibly
to a surface. Instead, each coil binds reversibly at a number of points via weak physical
“bonds” (see Figure 16.2a). Such adsorbed layers are highly dynamic, with individual
segments continually attaching and detaching from the surfaces, and where whole
molecules slowly exchange with those in the bulk solution or “reservoir”. The steric forces
between such surfaces are more difficult to formulate because neither the amount of
adsorbed polymer nor the number of binding sites per molecule remain constant as two
surfaces approach each other. Further, bridging can now occur whereby different
segments from the same coil bind to both surfaces. Indeed, the force between two such
surfaces at any particular separation can take a long time to reach its true equilibrium
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FIGURE 16.5 Measured forces between two polystyrene (PS) brush layers end-grafted onto mica surfaces in toluene
(a good solvent for PS). Left curve: MW ¼ 26,000, RF ¼ 12 nm; right curve: MW ¼ 140,000, RF ¼ 32 nm. Both force
curves were reversible on approach and separation. Solid lines: theoretical fits based on Eq. (16.5) with the following
(measured) parameters: spacing between attachment sites: s ¼ 8.5 nm, brush thicknesses: L ¼ 22.5 nm and 65 nm,
respectively. [Data from SFA experiments with surfaces in the crossed-cylinder geometry, equivalent to a sphere
of radius R near a flat surface or two spheres of radius 2R, adapted from Taunton et al., 1990.]

Chapter 16 • Steric (Polymer-Mediated) and Thermal Fluctuation Forces 391

Polystyrene in toluene

Polymer induced steric forces – grafted chains

Approximate interaction energy for mushrooms:
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1.1 Surface Forces 
Additional complexity
(i) Unit repeats of the polymer chains attach and detach from the surface
(ii) Polymer chains can exchange with the volume acting as reservoir.
à The number of anchoring sites is not known.

Polymer induced steric forces – adsorbed chains
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1.1 Surface Forces 
Additional complexity
(i) Unit repeats of the polymer chains attach and detach from the surface

(ii) Polymer chains can exchange with the volume acting as reservoir.

à The number of anchoring sites is not known.

Polymer induced steric forces – adsorbed chains

value (many hours or even days at high MW), and measured force profiles are usually
time- and history-dependent, approach and separation rate-dependent, and hysteretic.
Figure 16.6 illustrates these effects in the case of the interaction between high MW PEO
adsorbed on mica in aqueous solutions where the binding per segment is weak.

Note that the range of steric forces can be many times Rg, both for chemisorbed and
physisorbed polymers. This can be due to a high surface coverage (cf. brush layers) or
because RF » Rg due to the additional repulsive forces arising from the finite size of the
confined segments (excluded volume effect) and, in aqueous solutions, from hydration
layers and/or repulsive electrostatic interactions between charged segments. All these
effects can lead to steric forces having a magnitude and range even greater than 10Rg,
especially in aqueous solutions (Klein, 1988; Patel and Tirrell, 1989).

At the other extreme of very small separations, D « Rg, polymer chains become
increasingly compacted, and if the chains are not forced out from the contact region, the
steric repulsion becomes even steeper than given by any of the preceding equations (cf.
Figure 16.9). The repulsion eventually hits a “hard wall”—an effectively infinite repulsion
at a finite separation that is determined by the excluded volume of the molecules (steric
jamming).
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FIGURE 16.6 Effects ofmolecular weight and time: measured forces between two layers of PEO,MW¼ 1,100,000, Rg¼
86 nm, physisorbed onmica from 150 mg/ml PEO solution in aqueous 0.1MKNO3 (a good solvent for PEO).Main figure:
Force after ~16 hrs adsorption time. Note the hysteresis (irreversibility) on approach and separation for this physisorbed
polymer, in contrast to the absence of hysteresis with grafted chains (Figure 16.5). Solid line: Theoretical curve based
on amodified form of the Alexander-de Gennes equation, Eq. (16.5). Inset: Evolution of the forces with the adsorption
time. Note the gradual reduction—though not necessarily the disappearance—of the attractive bridging component.
[Data from SFA experiments with surfaces in the crossed-cylinder geometry, equivalent to a sphere of radius R near
a flat surface or two spheres of radius 2R, adapted from Klein and Luckham, 1982, 1984b; Luckham and Klein, 1990.]
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Range of the steric forces higher than the
giration radius of the adsorbed polymer chain
Forces dependent of the adsorption time
Hysteresis
Attractive “bridging” interactions

There are no simple expressions for the bridging forces between physisorbed poly-
mers, where each chain can bind to both surfaces in more than one location (known as
“trains”), with “loops” in between the trains and free ends or “tails” at each end. The
conformation of the chains also depend on the previous history, exhibit very long
relaxation times, and are rarely at equilibrium over reasonable time scales. Figure 16.8
(left) shows a simple type of bridging mechanism involving a homopolymer, where as
each additional segment binds to one of the surfaces, it pulls it closer to the other surface
by a segment length DD ¼ "l accompanied by an energy change of Dw ¼ "3, this being
the binding energy per segment. The attractive energy and force per bridging molecule,
tether, or tail are therefore given by

wðDÞ ¼ "3ðLc "DÞ=l
and FðDÞ ¼ "dw=dD ¼ "3=l

!
for D < Lc (16.7a,b)

where Lc ¼ nl is the contour length, as before. If the tail density is G¼ 1/s2 per surface, the
interaction energy per unit areaW(D), and pressure P(D), between two identical surfaces
will be related to the above by W(D) ¼ 2Gw(D) and P(D) ¼ 2GF(D), with the factor 2
appearing because each surface contributes equally. Note that the density of tails or
bridges can be different from the surface coverage of the adsorbed molecules, both of
which are defined by G. For example, a physisorbed molecule may have one, two, or more
tails (cf. Figure 16.13). As regards the contribution of the bridging interaction to the
adhesion energy at contactW(D/ 0), which, by definition, is twice the interfacial energy
gi, we obtain

gi ¼ "1

2
W ðD/0Þ ¼ 3GLc=l ¼ 3nG ¼ 3n=s2: (16.8)

As examples of bridging forces for four different types and strengths of binding: for 3 ¼
0.1, 1, 10, and 35 kT0 3 z 0.04, 0.4, 4, and 15 % 10"20 J, corresponding to a weak van der
Waals bond, a strong van der Waals bond (in liquid), a H-bond, and a strong ionic or bio-
specific ligand-receptor bond, and l¼ 0.4 nm, the pulling forces per tether, Eq. (16.7b), will
be 1, 10, 100, and 350 pN, respectively (see Table 21.1). If there are n ¼ 100 segments per
chain and the distance between tethers is s ¼ 10 nm, then the contribution of the bridging

1 2 3 4

Physisorbed
Segments

n

Nonspecific Specific

Tether
Specific Binding Sites

n

Rg

D

FIGURE 16.8 Examples of the two main types of bridging forces. These forces have a range of the contour length
of the polymer tether Lc ¼ nl, which for large n is much larger than Rg or RF.
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High MW PEO (106 g.mol-1) adsorbed 

on mica surfaces



1.1 Surface Forces 
Additional complexity
(i) Unit repeats of the polymer chains attach and detach from the surface
(ii) Polymer chains can exchange with the volume acting as reservoir.
à The number of anchoring sites is not known.

Polymer induced steric forces – adsorbed chains

Non adsorbing 
hydrophilic side 

chains 

Negatively 
charged 

backbone

Range of the steric forces higher than the
giration radius of the adsorbed polymer chain
Forces dependent of the adsorption time
Hysteresis
Attractive “bridging” interactions

There are no simple expressions for the bridging forces between physisorbed poly-
mers, where each chain can bind to both surfaces in more than one location (known as
“trains”), with “loops” in between the trains and free ends or “tails” at each end. The
conformation of the chains also depend on the previous history, exhibit very long
relaxation times, and are rarely at equilibrium over reasonable time scales. Figure 16.8
(left) shows a simple type of bridging mechanism involving a homopolymer, where as
each additional segment binds to one of the surfaces, it pulls it closer to the other surface
by a segment length DD ¼ "l accompanied by an energy change of Dw ¼ "3, this being
the binding energy per segment. The attractive energy and force per bridging molecule,
tether, or tail are therefore given by

wðDÞ ¼ "3ðLc "DÞ=l
and FðDÞ ¼ "dw=dD ¼ "3=l

!
for D < Lc (16.7a,b)

where Lc ¼ nl is the contour length, as before. If the tail density is G¼ 1/s2 per surface, the
interaction energy per unit areaW(D), and pressure P(D), between two identical surfaces
will be related to the above by W(D) ¼ 2Gw(D) and P(D) ¼ 2GF(D), with the factor 2
appearing because each surface contributes equally. Note that the density of tails or
bridges can be different from the surface coverage of the adsorbed molecules, both of
which are defined by G. For example, a physisorbed molecule may have one, two, or more
tails (cf. Figure 16.13). As regards the contribution of the bridging interaction to the
adhesion energy at contactW(D/ 0), which, by definition, is twice the interfacial energy
gi, we obtain

gi ¼ "1

2
W ðD/0Þ ¼ 3GLc=l ¼ 3nG ¼ 3n=s2: (16.8)

As examples of bridging forces for four different types and strengths of binding: for 3 ¼
0.1, 1, 10, and 35 kT0 3 z 0.04, 0.4, 4, and 15 % 10"20 J, corresponding to a weak van der
Waals bond, a strong van der Waals bond (in liquid), a H-bond, and a strong ionic or bio-
specific ligand-receptor bond, and l¼ 0.4 nm, the pulling forces per tether, Eq. (16.7b), will
be 1, 10, 100, and 350 pN, respectively (see Table 21.1). If there are n ¼ 100 segments per
chain and the distance between tethers is s ¼ 10 nm, then the contribution of the bridging
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FIGURE 16.8 Examples of the two main types of bridging forces. These forces have a range of the contour length
of the polymer tether Lc ¼ nl, which for large n is much larger than Rg or RF.
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Case of superplastifying molecules

Polycarboxylate-ether (PCP)



hydrophobic interactions, solvation forces…
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1.1 Surface Forces Other near-surface forces

Solvent and surface specific near-surface forces

noting that the strength and range of the hydration forces increase with the hydration
number of the cations (cf. Table 4.2) in the order Mg2þ > Ca2þ > Liþ ~ Naþ > Kþ > Csþ. In
acid solutions, where only protons bind to the surfaces, no hydration forces were observed
(presumably because protons penetrate into themica lattice) and themeasured force laws
were very close to those expected from DLVO theory at all proton concentrations (pH
values). These observations are consistent with the well-known swelling behavior of clays
(Cebula et al., 1980; Schramm and Kwak, 1982) where their tendency to swell increases as
the interlayer counterion goes from cesium to lithium. However, the more hydrated the
ions, the higher is their critical hydration concentration, that is, the higher is the concen-
tration at which the hydration forces “kick in”. This is because these ions require a higher
energy to (partially) dehydrate them on binding.

Israelachvili and Pashley (1983) also found that while the hydration force between two
mica surfaces is overall repulsive belowabout 4 nm, it is not alwaysmonotonic belowabout
1.5 nm but exhibits oscillations of mean periodicity 0.25 " 0.03 nm, roughly equal to the
diameter of thewatermolecule. This is shown in Figures 15.10 and 15.11. In particular, they
observed that the first threeminima atDz 0, 0.28, and 0.56 nmoccur at negative energies,
a result that rationalizes observations on clay systems: clay platelets such as motomor-
illonite repel each other increasingly strongly down to separations of approximately 2 nm
(Viani et al., 1984). However, the platelets can also stack into stable aggregates with water
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FIGURE 15.10 Measured forces between curved mica surfaces in KNO3 or KCl solutions (qualitatively similar results are
obtained in other electrolyte solutions). In 10#5 and 10#4 M the force follows the theoretical DLVO force law at all
separations. At 10#3 M and higher concentrations more cations adsorb (bind) onto the surfaces and bring with
them their water of hydration. This gives rise to an additional short-range hydration force below 3–4 nm (see inset
and Fig. 15.11 for details). The hydration force is characterized by short-range oscillations of periodicity 0.24 "
0.02 nm—about the diameter of the water molecule—superimposed on a longer-ranged exponentially repulsive tail
of decay length close to the Debye length (cf. the qualitatively similar effect in the interactions between glass and
silica surfaces, shown in Figure 15.13). The right-hand ordinate gives the interaction energy between two flat surfaces
according to the Derjaguin approximation. [Data from SFA experiments with surfaces in the crossed-cylinder
geometry, equivalent to a sphere of radius R near a flat surface or two spheres of radius 2R, adapted from
Israelachvili and Pashley, 1982a; Pashley, 1981a,b; Pashley, 1984.]
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Eq. (15.4). The two effects are of course related (Fig. 15.5): the greater the tendency
toward structuring at an isolated surface, the greater the solvation force between two
such surfaces, but there is a real distinction between the two phenomena that should
always be kept in mind.

Real systems are often much more complex than the examples and illustrations dis-
cussed so far. The liquid molecules are usually nonspherical and interact via anisotropic
orientation-dependent potentials both with each other and with the surfaces. Even when
spherical, molecules are generally not hard spheres but soft—the softer the molecules or
particles (e.g., micelles), the fewer and smoother the oscillations—that is, less sawtooth-
shaped and more sinusoidal. Very soft particles, such as polymer “blobs,” may exhibit no
oscillations at all, just a single energy minimum (see depletion forces). Similarly, the
confining surfaces themselves are generally not smooth but corrugated or structured
either at the atomic or nanoscopic level, or rough, easily deformable (soft) or fluid-like.
These are the systems we shall be discussing in the rest of this chapter.

Any strongly attractive interaction between a surface and the liquid molecules adja-
cent to it leads to a denser packing of molecules at the walls (Abraham, 1978; Snook and
van Megen, 1979) and thus to higher rs values and a more short-range repulsive but still
oscillatory force (Figure 15.5b). On the other hand, if the surface-liquid interaction is

(a) (d)

(c) Depletion zone

No solvation
(hydration) shell

(b) Primary hydration
shell

3210 4 5 6

Increasing
hydrophilicity

Increasing
hydrophobicity

0

Force

Adhesive
contact

e e ee

VDW

D

FIGURE 15.5 (a)–(c): Schematic diagrams of solvent structure, which can be both positional and orientational, at
different surfaces. The resulting solvation force (d) is usually oscillatory, and appears to be additive with the
monotonic long-range double-layer force (see Figure 15.8), but probably not the continuum van der Waals force
(dotted line), which assumes a constant density between the surfaces. There are four equilibrium adhesion points in
(d) indicated by the letter e.
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General Outline

1. Surface forces and friction – General Concepts
1. Surface forces
2. Frictional forces
3. Measuring interaction forces at the nanoscale

2. Microscale measurements in suspensions and relations with macroscopic rheology
1. Shear Thickening
2. Contact Aging
3. Shear Thinning
4. Roughness and Friction

3. Opening and conclusions
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1.2 Solid Friction
Amonton—Coulomb empirical laws

1. The friction force !" is directly proportional to the applied load !#
2. The friction coefficient $ is independent of the apparent area of contact, A.
3. The kinetic friction force is independent of the sliding velocity v.

Leonardo da Vinci (1452–1519).

$% > $' $ ∈ [0.1, 1]

Amonton-Coulomb laws

1. Introduction 5 

enough, friction can, in principle, be neglected and the engine would operate 
reversibly. 

Elementary Aspects of Sliding Friction 

The coefficient of friction J.L between two solids is defined as F / L where F 
denotes the friction force and L the load or the force normal to the surface 
(Fig. 1.1). There is a very simple law concerning J.L which is amazingly well 
obeyed. This law states that J.L is independent of the apparent area of contact. 
This means that for the same load L the friction forces will be the same for 
a small block as for a large one. A corollary is that J.L is independent of 
the load or, equivalently, the friction force is proportional to the load as 
illustrated in Fig. 1.2 for paper on paper. The physical explanation is that 
the area of real atomic contact between two solids is usually proportional to 
the load (Chap. 5) . A second interesting observation is that the coefficient 
of friction J.L is often nearly velocity independent unless the sliding velocity 
is very low, where thermally activation becomes important, or very high. 
Finally, contrary to common opinion, for typical engineering surfaces J.L is 

Fig. 1.1. The friction force F and the normal force (the load) L for sliding contact. 

5 

4 

3 

2 

0 
0 4 8 12 16 20 

Mg (N) 

Fig. 1.2. The steady sliding friction force F at v = 10 Jlm/ s as a function of the 
loading force L = M g for a paper-paper interface. The dynamical friction coefficient 
is fJ. = 0.24. From [1.19]. 
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Frédéric Restagno – Interfaces II

Academic laws of friction
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• The tangential force for the onset of movement ௦ܨ and for continuous
friction ܨௗ increase linearly with the normal load ܹ (1st Amontons law)

• This allows to define two coefficients of friction
௦ߤ is the static friction coefficient
ௗߤ is the dynamic friction coefficient

• The coefficients ߤ௦ and ߤௗ are independant of the contact area (2ème

Amontons law) 

• The coefficient ߤௗ is almost independant from the velocity

Friction coefficients are between 0.1 and 1 in classical friction

• ȭ଴ is the apparent area of contact
!"/!# SlidingStuckAt rest

!" = $!#

!" !#

A

v



Real area of contact
Bowden and Tabor (1940…): Key role of the real contact area AR

Macroscopic interfaces are rough, and contact occurs only on top of asperities

Dieterich, J. H., & Kilgore, B. D. (1994). Direct observation of 
frictional contacts: New insights for state-dependent

properties. Pure and applied geophysics, 143, 283-302.

Frédéric Restagno – Interfaces II

Plastic deformation of the contacts

Two experimental observations [1] :
• The real contact area is much smaller than the real contact area.

ȭ௥ ا ȭ଴
• The real contact area increases with the normal load.

[2] J. H. Dieterich and B. D. Kilgore, Pageoph., 1994, 143, 283-302.
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Plastic deformation of the contacts

Two experimental observations [1] :
• The real contact area is much smaller than the real contact area.

ȭ௥ ا ȭ଴
• The real contact area increases with the normal load.

[2] J. H. Dieterich and B. D. Kilgore, Pageoph., 1994, 143, 283-302.

.

AR << A

Experimental observations: 
• The real contact area is much smaller than the apparent contact area. 

• The real contact area increases with the normal load.

AR ~ FN

(See Greenwood-Williamson, Bowden-Tabor, Fuller and Tabor, 
Archard, Persson… for multi-asperity contact models) 25
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and many others. In order to understand the origin of
Amontons-Coulomb laws, there are two aspects to con-
sider: (i) the origin of dissipation; (ii) the mystery behind
the absence of surface dependence.

1. Dissipation

Dissipation has many possible origins. Friction is in-
tuitively connected to corrugation and this has been the
first explanation proposed by Coulomb, see Fig.1-b. For
such wavy surfaces, a simple argument allows to connect
the friction coe�cient to the typical slope of the mate-
rial’s corrugation, in the form µ ⇡ tan↵. However this
argument assumes an intimate contact between the two
contacting surfaces, which can only be achieved for com-
mensurate surfaces: these are surfaces whose values of
lateral periodicities are commensurate, i.e. their ratio is
a rational number. Any disparity between the corruga-
tion of the top and bottom surfaces will avoid an intimate
contact and this leads to an essentially vanishing friction.
One speaks of incommensurate surfaces in this case. This
counter-intuitive prediction was confirmed very recently
in experiments by Hirano et al. [6] and Dienwiebel et
al. [7]: a vanishing friction is measured between sur-
faces with incommensurate atomic corrugations ! This is
coined as “supra-friction”.

This exceptional property, which is a kind of a graal for
friction, is however only observed in drastic conditions,
far from real life conditions: ultra-high vaccum, absence
of contaminents, perfectly flat surfaces, etc. Actually it
was shown that any intersticial contaminent which would
be present between the two incommensurate contacting
surfaces would lead back to finite friction [8]: these small
particles take place in the interstices left between the
surfaces, which in the end behave back as commensurate
ones. And the presence of such contaminents can not be
avoided: they are either present in the atmosphere (dirt,
oils, humidity, . . . ) or produced by the friction process
itselft, e.g. due to wear induced during sliding (think
to the dirt left behind a chalk line). The presence of
such intersticial matter is ususally coined as the “third
body” in the tribology litterature (which is a bit of an
euphemism to coin all uncontrolled material that may
end between surfaces).

Note that the above arguments does not explain why
the dynamic friction coe�cient is measured to be barely
dependent on the sliding velocity. And this independence
is not obvious by any means: the dynamics of matter usu-
ally obeys linear response and one would rather expect a
linear dependence of the friction force on sliding velocity.
This is what occurs for example for hydrodynamic fric-
tion. This independence suggests subtle dissipation pro-
cess at the surface contacts, as well as non-equilibrium
dynamics. It was actually suggested [9] that the zones of
intimate contact between the two zones, which undergo
very high pressures (as we will see below) may behave
as a glassy materials. Such out-of-equilibrium materials

exhibit yielding properties, in the sense that they flow
above a finite force only [10]. This property is described
in terms of a yield stress, �Y , which is the force per unit
surface to bypass in order to make the material flow plas-
tically. These questions are still a matter of intense work.

2. Surfaces

Another puzzling observation is the mystery of sur-
faces: whatever the surface in contact, as illustrated in
Fig.1, the friction force is identical. This very counter-
intuitive behavior remained a mystery for more than
400 years and was given an explanation only in the 50’s
thanks to the work of Bowden and Tabor[1]. As shown
by these pioneers of modern tribology, the key to under-
stand friction is that the real contact between surfaces is
very sparse due the roughness of interfaces. The real area
of contact, Areal, is much smaller than the apparent one
Aapp, as one would naively expect from an eye inspection.
Several works could verify this property by direct vizual-
ization of the true contact [2]. This observation show
that an object resposing on surface makes only very few
contacts with the underlying surface. The picture is that
of a very diluted contact area, made of contact spots a
few micron squared in size, see Fig.2. Typically the ratio
Areal/Aapp can be as low as 0.1%, Areal/Aapp ⇠ 0.001.

Areal 

Aapp 

FIG. 2: Sketch of a contact between two rough surfaces in
contact. The real contact area Areal is much smaller than the
apparent one Aapp.

An immediate consequence is that the normal force FN

pushing the object towards the surface is distributed only
through a small number of contact (typically with mi-
cron size) and the local pressure acting on these contacts,
Pcontact = FN/Areal, is expected to be huge. In such con-
ditions, the material enters a plastic regime in which the
material deforms under a fixed pressure Plim = H, with
H the so-called hardness of the material. Accordingly
the real contact area is given as Areal = FN/H. Now,
a second consequence associated with plasticity of con-
tacts is that the lateral friction force per unit surface on
a contact – the shear stress –, is expected to be also a

A

AR

Plastic deformation of the asperities
!" = $%. '( !) = *+. '(
, = *

$%
is a material property

1.2 Solid Friction



Geometrical effects : breakdown of linear relationship between AR and FN
- Nanometric contacts
- Soft materials (e.g. elastomers…)
- Smooth surfaces (e.g. in surface force apparatus)

1.2 Solid Friction Break-down of Coulomb law

Could this breakdown happen at 
the colloidal/particle scale?
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These measurements can be performed over any desired load
range that is attainablewith theparticular leverused. For these
experiments,weusuallybegin themeasurementsata substantial
positive load which is decreased until the tip pulls out of contact
with the sample. No significant difference is observed if the
data are acquired while increasing the load except that, due to
the jump-to-contact instability, the low-loadportionof the friction
vs load curve is not accessed.

At veryhigh loadswithmica inUHV, anomalously large lateral
forces result indicating the onset of wear of the surface, similar
to effects seen in air.24 For these experiments, all friction data
were acquired with the externally applied load remaining well
below the wear threshold. Such wear events permanently
damage the mica surface and can be imaged in the topographic
mode after they occur. Regular imaging of the mica surface
confirmed that repeated scanning on the samepart of the sample
didnot instigatewear although inmost cases datawere acquired
over a new area of the mica surface.

Lever spring constantswere calculated from formulae derived
using continuum elasticity theory.25 Our formulae are similar
to those recently described by Sader,26 which compare favorably
to sophisticated finite element analysis of lever mechanical
properties.27 To estimate the spring constants, we measured
the dimensions of the leverswith a scanning electronmicroscope
and used the best available estimates of material properties. As
such, we expect our force estimates to be good within at least a
factor of two. A detailed discussion of force calibration with an
AFM will be presented in a separate publication.13

Results and Discussion

Friction and JKR Theory. Figure 2 shows a typical
friction vs load plot for the platinum-coated tip on mica
inUHV. The x-axis corresponds to the externally applied
load, i.e. normal cantilever displacement. The zero point
is given by the cantilever position out of contact with the
sample when no normal force is acting. The friction is
nonlinear with load, especially near the pull-off point.
Clearly, there is a finite frictional force at the pull-off
point. The critical load observedwhile scanning laterally
scaled with the pull-off force measured from force-
distance curves thatareacquiredwithout lateral scanning
butwasusually of smallermagnitude. These “premature”
pull-off eventsmaybedue to increased instabilitiesduring
scanning or may be a consequence of the influence of the
lateral forceonthe interface.28 Thiseffectwill bediscussed
in more detail elsewhere.29

Figure 2 also shows the JKR curve overlaid for
comparison. Clearly, the agreement is very good. As
mentionedabove, the JKRsolutionapplies for a parabolic
tip. Different tip shapeswill produceadifferent functional
dependence of friction upon load. In otherwords, one can
distinguish between the friction-load relation for a
parabolic tip and, for example, a flatter tip profile.15 We
thereforeacquireda cross-sectionalprofile of the tipbefore
this set of data was acquired. This was done by imaging
the faceted SrTiO3(305) surface discussed by Sheiko et
al.14 This sample consists of a large number of facets
which form long, sharp unidirectional ridges. The apex
of each ridge is typically much sharper than theAFM tip,
andsoa topographic scan overa ridgeproducesan “image”
of the AFM tip. One such profile is displayed in Figure
3. The tip is essentially parabolicwith an effective radius
ofª140nm. Aprofile orthogonal to this onewas obtained
by rotating the crystal by 90° and yielded the same result.
This information about the tip shape is thus consistent
with the observed friction-load relation.

We were further convinced of the applicability of the
JKR model by deliberately blunting the tip with large
loads, after the data presented here were acquired. The
frictional behavior of themodified tip correlatedwith that
predicted for a flatter tip profile, determinedby extending

(25) Timoshenko, S. P.; Goodier, J. N. Theory of Elasticity; McGraw
Hill: New York, 1987.

(26) Sader, J. E. Rev. Sci. Instrum. 1995, 66, 4583.
(27) Sader, J. E.; Larson, I.; Mulvaney, P.; White, L. R. Rev. Sci.

Instrum. 1995, 66, 3789.
(28) Savkoor,A. R. InFundamentals ofFriction;Singer, I. L., Pollock,

H. M., Ed.; Kluwer: Dordrecht, 1992; p 111.
(29) Carpick, R. W.; Agraı̈t, N.; Ogletree, D. F.; Salmeron, M. In

progress.

Figure 1. Bidirectional friction signal trace at a constant
applied load. The tip initially sticks to the surface until some
critical lateral force is achieved (point A). At this point, the tip
slips laterally and sticks again (point B), where the kinetic
energy of the lever and tip is lost to the contacting bodies. This
behavior essentially repeats once every atomic spacing until
the scandirection is reversed,whereupontheequivalent inverse
behavior occurs. The arrows indicate the scan direction. The
lateral force where slip occurs is seen to be nearly constant.

Figure 2. Characteristic friction vs load plot for a platinum-
coated tip on mica cleaved in UHV (open circles) from a single
run. The x-axis corresponds to externally applied load, i.e.
normal cantilever displacement. The zero point is given by the
normal cantilever displacement out of contactwith the sample.
The frictionaxis corresponds to theaverage critical lateral force
measured for each value of the applied load, as described in
Figure 1. Note the nonlinear dependence of friction with load
and the finite frictional force at the pull-off point (A). The solid
line is the JKR curve for contact area vs load. The curve is fit
to the critical loadand to the value of the frictionat zeroapplied
load to match the acquired data. The lower branch of the JKR
curve is mechanically unstable: the surfaces are predicted to
spontaneously separate at point A. The inset is a diagram of
the net forces acting on the tip (tip size, contact area, and
indentationarenot drawnto scale): while scanning, the twisted
lever (not shown) wants to push the tip forward but friction
resists this motion (the tilt angle of the tip is greatly exag-
gerated). The external load applied by the lever along with the
tip-sampleadhesion forcearebalancedby the resultant surface
normal force. Of course, pressure is distributed throughout the
contact area.
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varies with externally applied load in proportion to the contact
area predicted by the Johnson-Kendall-Roberts (JKR)1 theory
ofadhesive elastic contacts. Below,we summarize theprinciples
of the JKR theory. More detailed discussions are available
elsewhere.16,17

The JKR theory is a continuum contact mechanical model
that considers the effect of surface energy on the properties of
an elastic contact. It can be viewed as an extension of Hertzian
contactmechanics18 to include the effect of adhesion. The initial
formulation of the theory was applied to the case of two spheres
(approximated as paraboloids) in contact, which is equivalent to
a sphere-plane contact by considering one sphere to have an
infinite radius of curvature. The validity of the JKR model has
been verified by SFA experiments.19 The model can also be
extended to more general shapes.15,20,21

The interface is considered to possess an energy per unit area
Á ) Á1 + Á2 - Á12, where Á1 and Á2 are the respective surface
energies and Á12 is the interfacial energy. Á is equivalent to the
Dupré energy of adhesion, which corresponds to the work per
unitarearequired to separate thesurfaces from contact to infinity.
However, theJKRapproximationassumes thatall the interaction
forces have zero range. As such, the parameter Á effectively
encompasses all attractive interaction forces.

TheJKRtheoryallowsthedeterminationof severalmechanical
properties of the contact, including the pressure distribution,
the indentation depth, and the contact area. The contact area
A as a function of externally applied load L is given by

where R is the tip radius and K is the reduced elastic modulus
of the two materials, given by

with E1 and E2 the respective Young’s Moduli, and Ó1 and Ó2 the
respective Poisson’s ratios. The Hertz formula is recovered by
setting Á ) 0.

The theory predicts that a finite negative load is required to
separate thesurfaces. Thisvalue isoftenreferred toas the critical
load and is given by

This is equivalent to the pull-off force measured in AFM
experiments (if the tip is truly parabolic). At the critical load,
a finite contact area exists. We shall refer to this area as the
critical area, Ac, which is given by

Let us assume that the frictional force is proportional to the
area of contact. SFA experimentswith contactingmica surfaces
having either contaminant or liquid layers in between themhave
shownthat, in theabsenceofwear, the frictional forceFf isdirectly
proportional to the contact area;22 i.e.,

where Ù is the shear strength. Note that this means there will
be a finite frictional force at the pull-offpoint, whichwe shall call

the critical friction, Fc, given by

TheJKRequation can thenbe rewritten in the following compact
nondimensional form

where the load and friction have been parametrized in terms of
the critical load and critical friction:

The above discussion shows that although four physical
quantities are involved in the friction-load equation (adhesion
energy, tip radius, modulus, and shear strength), there are only
two independent parameters in the equation: Lc (eq 3) and Fc

(eq 6). These two quantities (or any other single pair of points
(L, F) on the curve) determine the entire shape of the curve.
Furthermore, if R and K are known, then the JKR theory gives
the interfacial adhesion energy Á and the shear strength Ù from
the measured Lc and Fc.

Experimental Section
The mica sample is held fixed in a sample holder inside the

UHV chamber; the exact arrangement is described elsewhere.12
A thin steel foil is epoxied on top of themica sampleandprotrudes
outward far enough to be grabbed by a manipulator. Using the
manipulator, the foil is pulled off and carries a few layers ofmica
with it, exposing a freshmica surface. TheAFM is then brought
into range to perform the experiment.

All data were acquired with a single Si3N4 cantilever23 which
was coated with nominally 100 nm of platinum. Our experience
has shown that metal-coated AFM tips may lose the coating at
the end of the tip due to tip-sample contact. To avoid this, the
platinumwas deposited after a briefplasma etch of the lever and
tip which promotes adherence. To determine if the platinum
coating remained on theend of the tip,weplaced the tip in contact
with a conducting sample andmeasureda low-contact resistance
(1.5kø including lead resistance)both before andafter acquiring
all the data described below. The resistance did not vary
appreciably with applied load, even just before pull off. Since
Si3N4 is an insulator, we conclude that, throughout the experi-
ment, the platinum coating was not removed. These resistance
measurements were carried out at atmospheric pressure.

The chamber pressure during the friction experiments was 7
£ 10-8 Pa or less, and all experiments were performed with the
system at room temperature.

To acquire our data, we simultaneously measure the normal
and lateralbendingof theAFM cantileveras it is scanned laterally
across the samplewhile theapplied load is sequentially stepped.24
Figure 1 shows a typical friction trace for a single line scan at
a constant applied load. The tip initially sticks to the mica, but
once some critical lateral force is reached, it quickly slips laterally
by one atomic spacing, where it sticks again. As the scan
continues, the lever twist increases until the critical lateral force
is again achieved and slip takes place. Equivalent behavior
results when the scan direction is reversed. This atomic-scale
stick-slip behavior is commonly observed in friction force
microscopy.10 To eliminate any offset in the lateral force signal,
we calculate half the difference between the critical lateral force
signals measured for the two scanning directions, as indicated
in Figure 1. Each line scan is acquired at a fixed applied load;
then the load is changed slightly, and another line scan is
recorded. Two hundred and fifty-six line scans are recorded for
each run. Each run is acquired in roughly 30 s. A typical plot
for a single run is shown in Figure 2. Other than the averaging,
the data are unprocessed.

(16) Israelachvili, J. N. Intermolecular and Surface Forces, 2nd ed.;
Academic Press, Inc.: San Diego, CA, 1992.

(17) Johnson,K.L.ContactMechanics;UniversityPress: Cambridge,
1987.

(18) Hertz, H. J. Reine Angew. Math. 1881, 92, 156.
(19) Israelachvili, J. N. In Fundamentals of Friction; Singer, I. L.,

Pollock, H. M., Ed.; Kluwer: Dordrecht, 1992; p 351.
(20) Maugis, D.;Barquins, M. J. Phy. D: Appl. Phys. 1983, 16, 1843.
(21) Maugis, D. Langmuir 1995, 11, 679.
(22) Homola, A. M.; Israelachvili, J. N.; Gee, M. L.; McGuiggan, P.

M. J. Tribol. 1989, 111, 675.

(23) Nanoprobe, Digital Instruments, Santa Barbara, CA.
(24) Hu, J.; Xiao,X.-D.;Ogletree,D. F.;Salmeron,M.Surf. Sci.1995,

327, 358.
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Complex relation between shear stress and contact pressure
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Fig. 3. Friction force as a function of normal load for PMMA
sliding on TMS at V = 10µm s−1. Inset: same data on log-log
scale, the solid line represents a 2/3 power law.
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Fig. 4. Pressure dependence of the friction stress measured in
steady sliding at V = 10 µm s−1. (a) PMMA sliding on TMS.
(b) PMMA sliding on OTS. The dashed lines correspond to
the best logarithmic fit of the data.

of the average sliding stress σ = FT/A on the average
normal stress p = FN/A. In the following, we will simply
call them “friction stress” and “pressure”. The results are
shown in Figures 4a (TMS substrate) and 4b (OTS sub-
strate). Note that, although the friction level on OTS is
about one order of magnitude lower than on TMS, in both
cases, the growth of σ(p) is clearly strongly sublinear, and,
as seen in Figures 4 and 5, the two sets of data are well
fitted by an empirical logarithmic law over the pressure
range 10–70 MPa.
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Fig. 5. Friction stress as a function of pressure. (•) Same data
as in Figure 3a. (!) σ = µdp estimated from measurements of
µd(V = 10 µm s−1) at PMMA/TMS multicontact interfaces.
The error bars account for observed fluctuations of µd while
sliding along the same track. The dashed line is the best loga-
rithmic fit to the sphere/flat data.

On the other hand, we previously measured the dy-
namic friction coefficient µd(V ) = FT(V )/FN for a multi-
contact interface between rough PMMA and a flat glass
substrate covered by TMS under the same protocole as
described in Section 2 [1]. From these data we estimate
the sliding stress as σ = µdp, where µd is measured at
V = 10 µms−1 and p is the average normal stress over
the load-bearing microcontacts. We take for the value of
p the hardness of PMMA, H = 300 MPa, an upper limit
corresponding to fully plastic asperity deformation. This
provides us with data at a pressure much higher than the
maximum value reached with the sphere/flat setup. It is
seen in Figure 5 that the logarithmic fit to the sphere/flat
data, when extrapolated to high pressures, gives an esti-
mate which, though somewhat higher, is compatible with
the multicontact results.

This brings further support to our conclusion, namely
that Amontons-Coulomb proportionality between fric-
tional and normal forces, while valid for multicontact in-
terfaces, does not hold on the local level of single con-
tacts. For these, the sliding stress grows with pressure in
a strongly sublinear fashion.

The contradiction betweeen this conclusion and that
previously claimed by Briscoe and Tabor (BT) [6] has
led us to reexamine their data, which we replot in
Figure 6 [19], along with our PMMA/TMS results. The
full dots are those of their data from which they concluded
to linearity, while the full triangles, transcribed from their
Figure 1, correspond to another set of data pertaining to
the same PMMA/glass interface. Consideration of the full
set of results obviously casts doubt on their conclusion.

Now, it must be kept in mind that, in their exper-
iments, PMMA was sliding upon nominally bare glass.
Multicontact experiments have shown that the friction
level of PMMA is much higher on bare glass than on
silanized substrates. It is therefore surprising that most
of the BT data lie below ours. This strongly suggests
that, due to strong adhesion, some PMMA chains get
transferred onto the glass substrate, a point which we
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of the average sliding stress σ = FT/A on the average
normal stress p = FN/A. In the following, we will simply
call them “friction stress” and “pressure”. The results are
shown in Figures 4a (TMS substrate) and 4b (OTS sub-
strate). Note that, although the friction level on OTS is
about one order of magnitude lower than on TMS, in both
cases, the growth of σ(p) is clearly strongly sublinear, and,
as seen in Figures 4 and 5, the two sets of data are well
fitted by an empirical logarithmic law over the pressure
range 10–70 MPa.
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Fig. 5. Friction stress as a function of pressure. (•) Same data
as in Figure 3a. (!) σ = µdp estimated from measurements of
µd(V = 10 µm s−1) at PMMA/TMS multicontact interfaces.
The error bars account for observed fluctuations of µd while
sliding along the same track. The dashed line is the best loga-
rithmic fit to the sphere/flat data.

On the other hand, we previously measured the dy-
namic friction coefficient µd(V ) = FT(V )/FN for a multi-
contact interface between rough PMMA and a flat glass
substrate covered by TMS under the same protocole as
described in Section 2 [1]. From these data we estimate
the sliding stress as σ = µdp, where µd is measured at
V = 10 µms−1 and p is the average normal stress over
the load-bearing microcontacts. We take for the value of
p the hardness of PMMA, H = 300 MPa, an upper limit
corresponding to fully plastic asperity deformation. This
provides us with data at a pressure much higher than the
maximum value reached with the sphere/flat setup. It is
seen in Figure 5 that the logarithmic fit to the sphere/flat
data, when extrapolated to high pressures, gives an esti-
mate which, though somewhat higher, is compatible with
the multicontact results.

This brings further support to our conclusion, namely
that Amontons-Coulomb proportionality between fric-
tional and normal forces, while valid for multicontact in-
terfaces, does not hold on the local level of single con-
tacts. For these, the sliding stress grows with pressure in
a strongly sublinear fashion.

The contradiction betweeen this conclusion and that
previously claimed by Briscoe and Tabor (BT) [6] has
led us to reexamine their data, which we replot in
Figure 6 [19], along with our PMMA/TMS results. The
full dots are those of their data from which they concluded
to linearity, while the full triangles, transcribed from their
Figure 1, correspond to another set of data pertaining to
the same PMMA/glass interface. Consideration of the full
set of results obviously casts doubt on their conclusion.

Now, it must be kept in mind that, in their exper-
iments, PMMA was sliding upon nominally bare glass.
Multicontact experiments have shown that the friction
level of PMMA is much higher on bare glass than on
silanized substrates. It is therefore surprising that most
of the BT data lie below ours. This strongly suggests
that, due to strong adhesion, some PMMA chains get
transferred onto the glass substrate, a point which we
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1.2 Solid Friction Aging effects

Dependence of the static friction force on the waiting time
Logarithmic ageing law : !" ∼ log(()*+,)

Li, Q., Tullis, T. E., Goldsby, D., & Carpick, R. W. (2011). Frictional ageing from interfacial bonding and the origins of rate and state friction. Nature, 480(7376), 233-236.

« Slide-hold-slide » protocol

x(t)

t

Hold time ()*+,

Dieterich, J. H., & Kilgore, B. D. (1994). Direct observation of frictional contacts: New insights for state-dependent properties. Pure and applied geophysics, 143, 283-302.

AFM Friction between SiO2 surfaces at controlled humidity
Chemical Aging

Interfacial chemical bonding
(e.g. hydrogen bonding, siloxane Si-O-Si bridging)

Geometric/Plastic aging
Slow plastic creep at the contacting asperities
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Surface Force Apparatus1.3 Measuring Forces

Tabor, D., & Winterton, R. S. (1969). The direct measurement of normal and retarded van der Waals forces. Proceedings of the 
Royal Society of London. A. Mathematical and Physical Sciences, 312(1511), 435-450. 32
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 aUe JUadXaOO\ bURXJKW LQWR cRQWacW. (a) SeSaUaWLRQ = 38 QP, (b) VeSaUaWLRQ = 23 QP;
 (c) cRQWacW. TKe IULQJeV aUe dRXbOe becaXVe RI WKe bLUeIULQJeQce RI PLca. TKe\ VKRZ
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The SFA contains two curved molecularly smooth surfaces of mica (of radius R z 1
cm) between which the interaction forces are measured using a variety of (inter-
changeable) force-measuring springs. The two surfaces are in a crossed cylinder
configuration which is locally equivalent to a sphere near a flat surface or to two spheres
close together (see Section 11.5).

In most SFA experiments, the surfaces are visualized optically with Multiple Beam
Interferometry (MBI) using “fringes of equal chromatic order” (FECO) (Israelachvili, 1973;
Tolansky, 1948, 1955; Heuberger et al., 1997). From the positions of the colored FECO
fringes seen in the spectrogram the thickness of adsorbed layers and the absolute distance
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FIGURE 12.7 Surface Forces Apparatus (SFA) for directly measuring the force-laws between surfaces in liquids or
vapors at the ångstrom resolution level. With the SFA technique two atomically smooth surfaces immersed in a liquid
can be brought toward each other in a highly controlled way (the surface separation being controlled to 1Å). As the
surfaces approach each other, they trap a very thin film of liquid between them, and the forces between the two
surfaces (across the liquid film) can be measured. In addition, the surfaces can be moved laterally past each other and
the shear forces also measured during sliding. The results on many different liquids have revealed ultrathin film
properties that are profoundly different from those of the bulk liquids—for example, that liquids can support both
normal loads and shear stresses and that molecular relaxations can take 1010 times longer in a 10Å film than in the
bulk liquid. Only molecular theories, rather than continuum theories, can explain such phenomena. However, most
long-range interactions are adequately explained by continuum theories.
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Here we use graphene as an ultra thin coating for enabling the visualization of single ions and ionic clusters 
on the mica surface. Graphene has been shown to be able to accurately stabilize and conform to water layers13–20 
and other small molecules21–24 when deposited on a substrate. It has been proven an essential tool to probe small 
and otherwise dynamic molecules. We show by means of scanning tunneling microscopy (STM) and Lateral 
Force Microscopy (LFM) that graphene can enable non-destructive visualization, with single-ion resolution, of 
the lateral organization of ions on the surface of air-cleaved mica. We !nd that the potassium ions spontaneously 
form ordered arrangements, i.e. rows and small hexagonal domains, on the surface. "e presence of potassium 
ions at the mica surface is favored by the system’s preference for charge neutrality and probably enhanced by the 
graphene cover sheet. "e lateral distribution of the ions is then governed by repulsive Coulomb interactions with 
a range reduced by the surrounding water molecules. Conductive (or o#en referred as current sensing) AFM 
(C-AFM) maps with adequate lateral resolution show direct correlation between the K+ distribution and the con-
ductance of graphene. Immediately above the K+ ions, graphene is signi!cantly less conductive than over ion-free 
locations. "is result indicates charge transfer from the underlying surface to graphene and is in good agreement 
with previous studies15,25–27. Our results shed light on the local distribution of ions on air-cleaved mica and pave 
the way for controlling the local electronic landscape of graphene.

Results and Discussion
Freshly cleaved mica is reactive and immediately a thin water !lm is adsorbed and covers its entire surface28. 
When graphene is placed on mica, this water !lm assumes a de!ned structure as a result of the con!nement14,15. 
It consists of two water layers with thickness close to that of the interlayer distance of bilayer hexagonal ice, i.e. 
Ih-ice. A cartoon of the experimental system is shown in Fig. 1c. An AFM topographic image of single layer 
graphene on mica is shown in Fig. 1d. A#er preparation the samples were immediately inserted into an ultra high 
vacuum (UHV) chamber, where the STM measurements were performed. Ice crystals such as the one shown in 
Fig. 2a (dark areas) are found all over the surface. "ey are located underneath the graphene cover and are one 
layer thinner than their brighter surroundings (double water layer). "e growth of the ice crystals is induced 
by the heat extracted from the system by evaporation of intercalated water molecules, from the graphene-mica 
interface, into the ambient under low humidity15. Due to the small scan size of STM (5 ×  5 µm2), we are unable 
to determine the exact number of graphene layers. Nevertheless from the size of the observed fractals we do not 
expect the thickness to be larger than 4 graphene layers29.

Small scale STM images, Fig. 2b and c, reveal a ripple-like roughness of the graphene surface that is best visible 
at the interior of the ice crystals. For clarity, the RMS roughness at the interior and the surroundings of the ice 
crystal is 50 pm and 35 pm, respectively. "e di%erence of the RMS roughness between the two regions is a result 
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SL Gr

d)

Figure 1. !e crystal structure of mica and graphene deposition. (a) Top and (b) side view of the crystal 
structure of muscovite mica. Note here that the exact distribution of the K+ ions is not yet known. (c) An 
overview of the experimental procedure. Graphene covers the freshly cleaved mica surface. Water molecules 
co-exist with potassium ions. "e graphene surface can be scanned by the use of an AFM which allows to non-
destructively obtain information about the con!ned nanostructures. (d) An AFM topograph of a graphene 
&ake deposited on the mica surface. "e region of single layer (SL) graphene is indicated. "e white dashed line 
indicates the borders of the graphene &ake.
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Surface Force Apparatus1.3 Measuring Forces
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Quantity to compare for 
surface forces : F/R ~ 10 μ J.m-2

Resolution in displacement ≈ 0.1 nm
Stiffness K ~ 103 N.m-1

Force sensitivity : 100 nN

Large surfaces R ≈ 1-10 mm

+ Ultra-high sensitivity 
+ Direct visualization of the shape of the contact through interferences
+ Knowledge of the “absolute zero” corresponding to contact
- Limitation to mica/mica contacts
- VERY difficult experiments



1.3 Measuring Forces Atomic Force Microscope

As previously discussed, the adhesion force between an atomic- or molecular-sized tip
and a surface should be in the range 10–3,000 pN depending on whether the bonding
arises from a van der Waals bond or a covalent or ionic bond. These adhesion forces are
often reduced by a factor of 10–100 in liquids. On the other hand, they would increase
in linear proportion to the radius of the tip. Currently, most AFMs have a sensitivity of
1–10 pN that determines over what range different forces can be measured and the radius
of the tip R necessary to measure a force at finite separations D. A whole new micro- and
nano-fabrication technology has arisen devoted to fabricating nano-sharp tips and highly
sensitive micron-sized scanners and force-sensing devices for AFM work10 (Binnig et al.,
1986; Hansma et al., 1988; Rugar and Hansma, 1990; Cleveland, 1993). Spring stiffnesses
Kc as small as 0.01 N/m can be used and displacements DD as small as 0.1 nm accurately
measured using a variety of laser-optical sensing techniques. These determine the
force sensitivity of the AFM, which is given by ðKcÞmin # ðDDS Þmin z (0.01) # (10$10) ¼
10$12 N ¼ 1 pN in this case.
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FIGURE 12.8 Atomic Force Microscope (AFM), originally designed for imaging the topology of surfaces via the forces
experienced by a “tip” moving normally or laterally across the sample surface. The tip is attached to the end of
the cantilever spring whose deflection DDc gives the normal and/or lateral force acting on the tip. These deflections
are monitored on a quadrant position sensitive detector (PSD) such as a photodiode array by following the movement
of a light beam after it has bounced off the end of the cantilever surface. An XYZ piezoelectric transducer moves
the tip relative to the sample surface (it can move either the cantilever spring support or the substrate surface). In
some AFM instruments the “beam bouncing” detection method is replaced by resistance strain gauges attached to
the cantilever arms, as shown.

10Atomic Force Microscopes (AFMs) come under the more general category of Scanning Probe Microscopes
(SPMs) that evolved from the original Scanning Tunneling Microscope (STM) of Binnig et al., (1982). Other
instruments, such as the Friction Force Microscope (FFM) or Lateral Force Microscope (LFM) are more
specialized instruments for measuring both normal and lateral forces.
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1.3 Measuring Forces Atomic Force Microscope

As previously discussed, the adhesion force between an atomic- or molecular-sized tip
and a surface should be in the range 10–3,000 pN depending on whether the bonding
arises from a van der Waals bond or a covalent or ionic bond. These adhesion forces are
often reduced by a factor of 10–100 in liquids. On the other hand, they would increase
in linear proportion to the radius of the tip. Currently, most AFMs have a sensitivity of
1–10 pN that determines over what range different forces can be measured and the radius
of the tip R necessary to measure a force at finite separations D. A whole new micro- and
nano-fabrication technology has arisen devoted to fabricating nano-sharp tips and highly
sensitive micron-sized scanners and force-sensing devices for AFM work10 (Binnig et al.,
1986; Hansma et al., 1988; Rugar and Hansma, 1990; Cleveland, 1993). Spring stiffnesses
Kc as small as 0.01 N/m can be used and displacements DD as small as 0.1 nm accurately
measured using a variety of laser-optical sensing techniques. These determine the
force sensitivity of the AFM, which is given by ðKcÞmin # ðDDS Þmin z (0.01) # (10$10) ¼
10$12 N ¼ 1 pN in this case.
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FIGURE 12.8 Atomic Force Microscope (AFM), originally designed for imaging the topology of surfaces via the forces
experienced by a “tip” moving normally or laterally across the sample surface. The tip is attached to the end of
the cantilever spring whose deflection DDc gives the normal and/or lateral force acting on the tip. These deflections
are monitored on a quadrant position sensitive detector (PSD) such as a photodiode array by following the movement
of a light beam after it has bounced off the end of the cantilever surface. An XYZ piezoelectric transducer moves
the tip relative to the sample surface (it can move either the cantilever spring support or the substrate surface). In
some AFM instruments the “beam bouncing” detection method is replaced by resistance strain gauges attached to
the cantilever arms, as shown.

10Atomic Force Microscopes (AFMs) come under the more general category of Scanning Probe Microscopes
(SPMs) that evolved from the original Scanning Tunneling Microscope (STM) of Binnig et al., (1982). Other
instruments, such as the Friction Force Microscope (FFM) or Lateral Force Microscope (LFM) are more
specialized instruments for measuring both normal and lateral forces.
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Resolution in displacement ~ 0.1 nm

Stiffness K ~ 10-2 – 10 N.m-1

Force sensitivity ~ 10 pN

Scale?
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Sharp tips Colloidal tips

+ Tunability in terms of force range
+ Versatility in terms of materials
+ Easier than SFA due to small contact radius (but still not ”easy”)
- No knowledge of the absolute contact
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1.3 Measuring Forces Jump to contact instability

“felt.” Thus, as shown in Figure 12.3a, the location A at which the force is detected or
measured—for example, from the stress or strain of the substrate or spring—is
different from the location S where the force acts. These two locations are connected
by material of compliance K (and mass m, which is also an important factor when
measuring dynamic interactions). Other important factors in any force measurement
are the means by which the surfaces are moved and how and where the various
displacements are measured (Leckband and Israelachvili, 2001). In the schematics of
Figure 12.3a, it is assumed that the surfaces are moved by displacing the base of the
supporting material B or spring at A and that the force is detected at A. When K is
finite—that is, when the supporting materials are not infinitely rigid (K ¼ N)—then as
the surfaces are moved toward or away from each other, instabilities can occur
depending on the force function F(D). For a Lennard-Jones type of interaction,
Figure 12.3a shows how these can lead to instabilities, manifested by an inward jump
from D1 to D2 as the surfaces are brought toward each other, and to an outward jump
from D3 to D4 when they are separated; there are no stable positions between D1 and
D3. These jumps occur when the slopes of the force dF/dD equal the stiffness K
(see Problem 1.5). For infinitely stiff systems or for purely repulsive forces there are no
jumps or instabilities.
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FIGURE 12.3 Measuring forces via (a) a spring (externally applied force f spring displacement: (Fext ¼ KDD), and (b)
a constant force (Fext ¼ constant). For the typical force-law or force-distance curves F(D) shown, instabilities occur at
the positions shown, manifested by an inward jump on the way in (on approach) and an outward jump on the way out
(on separation). (a) These jump instabilities will occur only if the effective spring constant K is lower than the
maximum slope of the F(D) curve. Thus, if the system is infinitely stiff (K¼N) there will be no instabilities on approach
or separation. In contrast, if a constant external forceþF is applied to one of the surfaces (b), K is effectively zero, and
jumps will occur to the upper equilibrium points at e on approach, and out from Fad on separation. No equilibrium is
possible at surface separations between the Jump in and Jump out points.
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Intrinsic limitations for the force resolution : “Jump to contact” instability

When !"!# > %&'()*+
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Intrinsic to all force measurements relying on a 
deflecting spring (SFA, AFM…)

Practical challenges :
Thermal Drift
Vibrations/stability
Calibration
Surface and system preparation
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1.3 Measuring Forces Dynamic force measurements

the liquid. Finally, we extend qualitatively the analysis of
elastic effects to the case of flattened AFM tips.

We study here the drainage flow of four different
Newtonian liquids with a dynamic SFA [15] used as a
nanorheometer (Fig. 1). The SFA measures the relative
distanceDðtÞ between a sphere and a plane, distance which
is varied harmonically as DðtÞ ¼ Dþ h0 cos!t in order to
force an oscillatory drainage flow. In all the following
experiments, the frequency is !=2! ¼ 19 Hz. The ampli-
tude h0 of the harmonic displacement is kept small (h0 <
0:1D) in order to stay in the linear response domain. The
SFA also measures the hydrodynamic impedance, defined
as the complex force response Z%ð!;DÞ ¼ Z0 þ iZ00 ¼
F%ð!Þ=h0 associated with the harmonic forcing, where Z0

and Z00 are, respectively, the stiffness and the damping
terms. In the case of a Newtonian liquid of viscosity "0

confined between two rigid surfaces with a no-slip bound-
ary condition, the hydrodynamic impedance is purely
imaginary [16]:

Z%ð!;DÞ ¼ iZ00 ¼ i
6!"0!R2

D
: (1)

This expression has been widely used to study the rheology
of liquid films between various surfaces [1,16–19] and to
test the boundary condition at the liquid-solid interface [20].

The liquids studied are two nonpolar liquids—silicon
oils 47V20 (Mw & 3000 g=mol, Rg ’ 3 nm) and 47V100
(Mw & 11000 g=mol, Rg ’ 6 nm) purchased from
Bluestar Silicones—and two polar liquids—glycerol-water
mixtures made with analytical-grade glycerol (VWR
Analar, Normapur). The bulk viscosities of the liquids
range from 20 to 100 mPa s (Table I). The confining solids
are bulk borosilicate glass (Pyrex, Schott). A sphere is
prepared from a Pyrex rod molten into a flame, washed
in an ultrasonic bath with a detergent and ultraclean water,
and rinsed with purified propanol. The planes are 1' 1 cm
plates of borosilicate glass (thickness 5 mm, Schott
Borofloat 33, Young modulus E ¼ 64 GPa, and Poisson

ratio # ¼ 0:2) washed in the same way. The peak-to-peak
roughness measured by atomic force microscopy is 0.5 nm
over a 10' 10 $m area. The experiments are made at
ambient temperature T ¼ 25( 1)C.
In Fig. 2, the stiffness Z0 and the damping Z00 obtained

with one of the glycerol-water mixtures are plotted as a
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FIG. 1 (color online). (a) Principle of hydrodynamic imped-
ance measurements: the relative distance DðtÞ ¼ Dþ h0 cos!t
between a millimetric sphere of radius R and a plane is forced
harmonically, and its dc and ac components are measured with a
capacitive sensor. The plane is mounted on a double spring
cantilever of stiffness k, and the dynamic force FðtÞ ¼
F0 cosð!tþ%Þ is measured in amplitude and phase. The hydro-
dynamic impedance Z%ð!;DÞ is the linear force response
F0e

i%=h0. (b) Picture of the contact.

TABLE I. Experimental characteristics. The viscosity "0 is
obtained from the damping at large distance. R is the sphere
radius. Dc is the cutoff distance defined in Eq. (3), calculated
using the Young’s modulus E ¼ 64 GPa and the Poisson ratio
# ¼ 0:2 of borosilicate glass. [The Young’s modulus that appears
in Eq. (3) has to be divided by 2 to take into account the
deformation of the sphere and the plane.] All experiments are
performed at the frequency !=2! ¼ 19 Hz.
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Glycerol-
water (a)

Glycerol-
water (b)

"0 (mPa s) 104:3* 3 22:9* 0:6 24:9* 1 35
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FIG. 2 (color online). Damping (red points) and stiffness (blue
points) measured with the water-glycerol mixture of viscosity
24.9 mPa s, in (a) linear scale and (b) log-log scale. The
frequency is !=2! ¼ 19 Hz, and the radius of the sphere is
R ¼ 3:59 mm.
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2.3. EXPERIMENT

2.3 Experiment

2.3.1 Dynamic AFM method with colloidal probe

In this study, the dynamic AFM method with colloidal probe was addressed to probe the vis-
coelastic responses of the bubble surface. Figure 2.4 shows the sketch for dynamic atomic force
microscope measurement. Basically, a piezoelectric actuator is used to excite the vibration of
the cantilever with driving amplitude Ad and driving frequency !. The gap between the sphere
and substrate is controlled by displacing the sample using a piezo stage. The amplitude A and
phase ' of the cantilever oscillation versus the piezo displacement are recored. Meanwhile,
the DC deflection is also recorded and used to determine the separation distance following the
method shown in Sec. 1.1.

Zd=AdejȦt

X=Aej(Ȧt+ĳ�

d

Piezo

Sample

z

Figure 2.4: Sketch of the dynamic AFM method. A cantilever is excited by external acoustic
excitation with oscillation of Zd = Adej!t. A piezo stage is used to control the distance between
the probe and the sample surface.

The instantaneous displacement of the cantilever base can be described by Zd = Adej!t,
j is the imaginary unit. The instantaneous deflection of the cantilever is described as X =

Aej(!t+'). Therefore, the total oscillation of the cantilever is given by

Z = X + Zd = Aej(!t+')
+ Ade

j!t. (2.23)

The motion of the cantilever can be simplified to a point mass model given by

m⇤Z̈ + �bulkŻ + kcX = Fh, (2.24)

where Fh is the interaction force between the colloidal probe and the interface.

For a probe oscillating with a small amplitude compared to the size of probe and the range of
the interaction length, the instantaneous interaction force can be linearised and has two contribu-
tion: conservation term (�kintZ) and dissipative term (��intŻ), namely Fh = �kintZ � �intŻ,
where kint and �int are the interaction stiffness and damping coefficient, respectively. Then, Eq.
2.24 can be rewritten as:

m⇤Ẍ + �bulkẊ + kcX = Fd � kintZ � �intŻ, (2.25)
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function ofD. Essentially, two regimes can be observed. At
large distances (D> 100 nm), the damping decays as 1=D,
as expected for the lubricating flow of a Newtonian liquid.
This decay is in good agreement with Eq. (1), using the
bulk viscosity of the mixture. But, a finite stiffness Z0 is
measured at any distance. This stiffness increases rapidly
with the confinement. When D< 2 nm, the stiffness
becomes larger than the damping. This critical distance is
the beginning of the second regime, in which both the
stiffness and the damping saturate at a finite value.

A similar behavior is observed with the four studied
liquids, which have quite different molecular properties
and molecular sizes. This suggests that the rheological
features plotted in Fig. 2 may not be due to the liquid itself.
Indeed, Eq. (1) assumes perfectly rigid surfaces, which has
no physical sense at small distances where the hydrody-
namic force becomes very large. The drainage of a
Newtonian liquid between a sphere and a plane is known
to produce a pressure of the order of P ’ ð3!0R=D

2Þ _D
extending over a distance

ffiffiffiffiffiffiffiffiffiffi
2RD

p
from the sphere-plane

axis [1]. As a result, one can expect an elastic deflection u
of the confining surfaces of the order of u=

ffiffiffiffiffiffiffiffiffiffi
2RD

p
# P=E$,

with E$ ¼ E=ð1& "2Þ the reduced Young’s modulus of
glass and " its Poisson ratio. The resulting deflection can
be estimated as

u0 # 2h0

"
!!0

E$

#"
R

D

#
3=2

; (2)

where the factor 2 accounts for both surfaces. For the
system of Fig. 2, the order of magnitude of the deflection
of the glass surface predicted by Eq. (2) is of 16 pm at
D ¼ 100 nm for h0 ¼ 2 nm, since the Young’s modulus of
the borosilicate glass is high. This deflection increases with
the confinement, until it eventually reaches the amplitude
of the forced oscillation h0 [14,21]. This transition is
expected at a distance Dc # Rð!!0=E

$Þ2=3, in the range
of 5–15 nm for liquids of viscosity between 10 and
100 mPa s. This is the typical distance where major stiff-
ness effects appear in Fig. 2 and below which we can speak
about elastic confinement.

As a consequence, we expect that at distances of the
order of Dc, the elastic deflection of glass reaches the
amplitude of the forced oscillation. How does this affect
the measured damping and stiffness? The full elastohydro-
dynamic calculation of the oscillating drainage flow in the
linear response limit yields to the expression [14]

Z$ð!;DÞ ¼ 6#!0!R2

Dc
gk

"
D

Dc

#
; Dc ¼ 8R

"
!!0

E$

#
2=3

;

(3)

where gk is a tabulated nondimensional function not de-
pendent on the liquid or the solid (numerical values of
Ref. [14] are reported in the Supplemental Material [22]).
In the limit x ' 1, which is equivalent to D ' Dc, the
asymptotic value of gk allows us to predict that

Z$ð!;DÞ ¼ 6#!0!R2

Dc

$
9#2

512

"
Dc

D

#
5=2

þ i
Dc

D

%
: (4)

The scaling prediction for the measured stiffness Z0 #
D&5=2 is characteristic of the elastic deformation of the
two semi-infinite confining surfaces. It is indeed not pos-
sible to calibrate out this effect by assuming that the
surfaces are equivalent to an internal stiffness of constant
value k: the force response of a spring-and-dashpot system
of damping coefficient $ is i$!=ð1þ i$!=kÞ ’
i$!þ $2!2=k for large k. With $ ¼ 6#!0R

2=D for the
Newtonian flow, this would give a decay Z0 #D&2, differ-
ent from the observed scaling. This is due to the fact that
the actual surface stiffness is indeed distance dependent
and scales as the hydrodynamic radius

ffiffiffiffiffiffiffiffiffiffi
2RD

p
of the

Newtonian drainage flow. Thus, the flow and the elastic
effects are strongly coupled and cannot be simply disen-
tangled from each other.
The elastohydrodynamic theory also predicts that Z$0 ¼

Z$00 for D ¼ 0:28Dc. Therefore, it is of interest to
plot the reduced hydrodynamic impedance ~Z$ ¼
Z$ð!;DÞDc=6#!0!R2 obtained for the four tested
liquids, as a function of D=Dc. For each liquid, the critical
distance Dc is calculated using Eq. (3) (see Table I). The
result is in Fig. 3. All reduced impedances follow the same
master curve, which is in quantitative agreement with the
predicted function gkðD=DcÞ [14] without any adjustable
parameter. This shows that the elastic deflection of glass is
entirely responsible for the apparent deviation of the liquid
response from the standard Newtonian behavior.
In particular, the saturation of both the damping and the

stiffness at D<Dc reflects the spatial segregation of the
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FIG. 3 (color online). Normalized impedance ~Z$ ¼
Z$ð!;DÞDc=6#!0!R2 as a function of the normalized distance
D=Dc. Data obtained with four different liquids are superim-
posed: two silicon oils, 47V20 and 47V100, and two water-
glycerol mixtures of different viscosities (see Table I). Dc is
calculated in Table I. The continuous lines are the real and
imaginary parts of the complex master function gkðxÞ (see the
SM). The different blue and red points correspond to the four
different liquids and can hardly be distinguished.
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the liquid. Finally, we extend qualitatively the analysis of
elastic effects to the case of flattened AFM tips.

We study here the drainage flow of four different
Newtonian liquids with a dynamic SFA [15] used as a
nanorheometer (Fig. 1). The SFA measures the relative
distanceDðtÞ between a sphere and a plane, distance which
is varied harmonically as DðtÞ ¼ Dþ h0 cos!t in order to
force an oscillatory drainage flow. In all the following
experiments, the frequency is !=2! ¼ 19 Hz. The ampli-
tude h0 of the harmonic displacement is kept small (h0 <
0:1D) in order to stay in the linear response domain. The
SFA also measures the hydrodynamic impedance, defined
as the complex force response Z%ð!;DÞ ¼ Z0 þ iZ00 ¼
F%ð!Þ=h0 associated with the harmonic forcing, where Z0

and Z00 are, respectively, the stiffness and the damping
terms. In the case of a Newtonian liquid of viscosity "0

confined between two rigid surfaces with a no-slip bound-
ary condition, the hydrodynamic impedance is purely
imaginary [16]:

Z%ð!;DÞ ¼ iZ00 ¼ i
6!"0!R2

D
: (1)

This expression has been widely used to study the rheology
of liquid films between various surfaces [1,16–19] and to
test the boundary condition at the liquid-solid interface [20].

The liquids studied are two nonpolar liquids—silicon
oils 47V20 (Mw & 3000 g=mol, Rg ’ 3 nm) and 47V100
(Mw & 11000 g=mol, Rg ’ 6 nm) purchased from
Bluestar Silicones—and two polar liquids—glycerol-water
mixtures made with analytical-grade glycerol (VWR
Analar, Normapur). The bulk viscosities of the liquids
range from 20 to 100 mPa s (Table I). The confining solids
are bulk borosilicate glass (Pyrex, Schott). A sphere is
prepared from a Pyrex rod molten into a flame, washed
in an ultrasonic bath with a detergent and ultraclean water,
and rinsed with purified propanol. The planes are 1' 1 cm
plates of borosilicate glass (thickness 5 mm, Schott
Borofloat 33, Young modulus E ¼ 64 GPa, and Poisson

ratio # ¼ 0:2) washed in the same way. The peak-to-peak
roughness measured by atomic force microscopy is 0.5 nm
over a 10' 10 $m area. The experiments are made at
ambient temperature T ¼ 25( 1)C.
In Fig. 2, the stiffness Z0 and the damping Z00 obtained

with one of the glycerol-water mixtures are plotted as a

R h0, ω

a

F

D

k

(a) (b)

3 mm

FIG. 1 (color online). (a) Principle of hydrodynamic imped-
ance measurements: the relative distance DðtÞ ¼ Dþ h0 cos!t
between a millimetric sphere of radius R and a plane is forced
harmonically, and its dc and ac components are measured with a
capacitive sensor. The plane is mounted on a double spring
cantilever of stiffness k, and the dynamic force FðtÞ ¼
F0 cosð!tþ%Þ is measured in amplitude and phase. The hydro-
dynamic impedance Z%ð!;DÞ is the linear force response
F0e

i%=h0. (b) Picture of the contact.

TABLE I. Experimental characteristics. The viscosity "0 is
obtained from the damping at large distance. R is the sphere
radius. Dc is the cutoff distance defined in Eq. (3), calculated
using the Young’s modulus E ¼ 64 GPa and the Poisson ratio
# ¼ 0:2 of borosilicate glass. [The Young’s modulus that appears
in Eq. (3) has to be divided by 2 to take into account the
deformation of the sphere and the plane.] All experiments are
performed at the frequency !=2! ¼ 19 Hz.

Fluid 47 V100 47V20
Glycerol-
water (a)

Glycerol-
water (b)

"0 (mPa s) 104:3* 3 22:9* 0:6 24:9* 1 35
R (mm) 3:37* 0:04 3:28* 0:03 3:25* 0:04 3:59* 0:04
Dc (nm) 14 5.0 5.2 7.2
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FIG. 2 (color online). Damping (red points) and stiffness (blue
points) measured with the water-glycerol mixture of viscosity
24.9 mPa s, in (a) linear scale and (b) log-log scale. The
frequency is !=2! ¼ 19 Hz, and the radius of the sphere is
R ¼ 3:59 mm.
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the liquid. Finally, we extend qualitatively the analysis of
elastic effects to the case of flattened AFM tips.

We study here the drainage flow of four different
Newtonian liquids with a dynamic SFA [15] used as a
nanorheometer (Fig. 1). The SFA measures the relative
distanceDðtÞ between a sphere and a plane, distance which
is varied harmonically as DðtÞ ¼ Dþ h0 cos!t in order to
force an oscillatory drainage flow. In all the following
experiments, the frequency is !=2! ¼ 19 Hz. The ampli-
tude h0 of the harmonic displacement is kept small (h0 <
0:1D) in order to stay in the linear response domain. The
SFA also measures the hydrodynamic impedance, defined
as the complex force response Z%ð!;DÞ ¼ Z0 þ iZ00 ¼
F%ð!Þ=h0 associated with the harmonic forcing, where Z0

and Z00 are, respectively, the stiffness and the damping
terms. In the case of a Newtonian liquid of viscosity "0

confined between two rigid surfaces with a no-slip bound-
ary condition, the hydrodynamic impedance is purely
imaginary [16]:

Z%ð!;DÞ ¼ iZ00 ¼ i
6!"0!R2

D
: (1)

This expression has been widely used to study the rheology
of liquid films between various surfaces [1,16–19] and to
test the boundary condition at the liquid-solid interface [20].

The liquids studied are two nonpolar liquids—silicon
oils 47V20 (Mw & 3000 g=mol, Rg ’ 3 nm) and 47V100
(Mw & 11000 g=mol, Rg ’ 6 nm) purchased from
Bluestar Silicones—and two polar liquids—glycerol-water
mixtures made with analytical-grade glycerol (VWR
Analar, Normapur). The bulk viscosities of the liquids
range from 20 to 100 mPa s (Table I). The confining solids
are bulk borosilicate glass (Pyrex, Schott). A sphere is
prepared from a Pyrex rod molten into a flame, washed
in an ultrasonic bath with a detergent and ultraclean water,
and rinsed with purified propanol. The planes are 1' 1 cm
plates of borosilicate glass (thickness 5 mm, Schott
Borofloat 33, Young modulus E ¼ 64 GPa, and Poisson

ratio # ¼ 0:2) washed in the same way. The peak-to-peak
roughness measured by atomic force microscopy is 0.5 nm
over a 10' 10 $m area. The experiments are made at
ambient temperature T ¼ 25( 1)C.
In Fig. 2, the stiffness Z0 and the damping Z00 obtained

with one of the glycerol-water mixtures are plotted as a
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FIG. 1 (color online). (a) Principle of hydrodynamic imped-
ance measurements: the relative distance DðtÞ ¼ Dþ h0 cos!t
between a millimetric sphere of radius R and a plane is forced
harmonically, and its dc and ac components are measured with a
capacitive sensor. The plane is mounted on a double spring
cantilever of stiffness k, and the dynamic force FðtÞ ¼
F0 cosð!tþ%Þ is measured in amplitude and phase. The hydro-
dynamic impedance Z%ð!;DÞ is the linear force response
F0e

i%=h0. (b) Picture of the contact.

TABLE I. Experimental characteristics. The viscosity "0 is
obtained from the damping at large distance. R is the sphere
radius. Dc is the cutoff distance defined in Eq. (3), calculated
using the Young’s modulus E ¼ 64 GPa and the Poisson ratio
# ¼ 0:2 of borosilicate glass. [The Young’s modulus that appears
in Eq. (3) has to be divided by 2 to take into account the
deformation of the sphere and the plane.] All experiments are
performed at the frequency !=2! ¼ 19 Hz.

Fluid 47 V100 47V20
Glycerol-
water (a)

Glycerol-
water (b)

"0 (mPa s) 104:3* 3 22:9* 0:6 24:9* 1 35
R (mm) 3:37* 0:04 3:28* 0:03 3:25* 0:04 3:59* 0:04
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FIG. 2 (color online). Damping (red points) and stiffness (blue
points) measured with the water-glycerol mixture of viscosity
24.9 mPa s, in (a) linear scale and (b) log-log scale. The
frequency is !=2! ¼ 19 Hz, and the radius of the sphere is
R ¼ 3:59 mm.
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flow. In a central region around the sphere-plane axis
where the liquid thickness is less than Dc, the surfaces
accommodate fully for the sphere displacement and the
liquid merely transmits the pressure to the surfaces. The
usual lubrication flow occurs only in the outskirts of this
central region, where the liquid thickness is larger thanDc,
and builds the pressure acting in the central region. As a
consequence, at distances smaller thanDc, the stiffness and
the damping only lightly reflect the intrinsic properties of
the confined liquids.

We have calculated more precisely (see the
Supplemental Material [22]) the glass surface deformation
responsible for this apparent viscoelastic behavior. In
Fig. 4, the calculated amplitude ju0j of this deflection in
the experiment presented in Fig. 2 is plotted as a function
of the distance. The amplitude of the forced oscillation h0
is varied by steps from 0.1 to 20 nm. Consequently, the
calculated indentation ju0j decreases by steps, too, from
0.1 nm at D ¼ 1 nm down to 1 pm (10"12 m) at D ¼
1 !m. This is the order of magnitude calculated previ-
ously. This extremely small deflection corresponds to a
relative change ju0j=h0 lower than 3# 10"4 in the liquid
film thickness. It is remarkable that such a small elastic
deflection leads to a measurable effect in the dynamic
response of the system, with a finite stiffness detected at
distances larger than 100 nm.

In conclusion, these results demonstrate in the case of a
squeeze-flow geometry the strong influence of elastic cou-
plings on the dynamics of confined liquids. We have
defined a critical distance for elastic confinement, below
which the liquid is clamped by its viscosity and its intrinsic
rheological behavior cannot be disentangled from the
global system response. This does not mean that these
intrinsic properties have changed. For the four liquids

that we have studied, the global system response is fully
described down to the nanometer scale by an exact elasto-
hydrodynamic calculation without adjustable parameters.
Our results also show that the critical distance for elastic

confinement depends strongly on the surface’s geometry.
Taking the example of AFM, for instance, which uses
damping and stiffness measurements to characterize thin
liquid films as in the present work [2–6], one may first
estimate that for typical values of a probe radius of 100 nm,
liquid viscosity of 0.02 Pa s (Octa Methyl Cyclo Tetra
Siloxane), a similar Young modulus as here, and frequency
of 1 kHz, the value Dc ¼ 2 pm given by Eq. (3) predicts
negligible elastic effects. However, the actual shape of tips
are seldom measured and they tend to flatten on repeated
contacts. This is dramatic for expression (3), leading to an
infinite critical distance. Extending the dimensional analy-
sis to the (extreme) case of a flat disk of radius R instead of
a sphere, one has in this new geometry to balance the
viscous damping Fv ¼ 3"#0!R4=2D3 with the surface
stiffness "RE$, in order to find a new critical distance
Dc;flat ¼ 8Rð#0!=E$Þ1=3 ¼ 1:2 nm, not negligible consid-
ering that elastic couplings have a measurable impact
above the critical distance.
Finally, elastic couplings have not often been taken into

account in the studies of confined fluids, except for very
soft surfaces such as tires or bubbles [23,24]. They deserve
to be considered more systematically and could provide a
thread to reconciliate apparently contradictory observa-
tions [2–6,25–27]. However, they depend strongly on the
flow geometry, and an adequate analysis remains to be
done in the case of shear flow, which has been used in
surface force balance studies. More generally, they are of
interest to understand better the mechanical properties of
complex fluids and polymer matrix nanocomposites, in
which the usual effective medium approaches should be
modified when the distance between solid charges is less
than the critical distance for elastic confinement.
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FIG. 4 (color online). The inset sketches the plane deformation
due to the draining liquid. The same deformation occurs on the
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for the experiment with the water-glycerol mixture plotted in
Fig. 2(b). In red points, the corresponding amplitude jh0j of the
forced oscillation is plotted on the right axis.
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the liquid. Finally, we extend qualitatively the analysis of
elastic effects to the case of flattened AFM tips.

We study here the drainage flow of four different
Newtonian liquids with a dynamic SFA [15] used as a
nanorheometer (Fig. 1). The SFA measures the relative
distanceDðtÞ between a sphere and a plane, distance which
is varied harmonically as DðtÞ ¼ Dþ h0 cos!t in order to
force an oscillatory drainage flow. In all the following
experiments, the frequency is !=2! ¼ 19 Hz. The ampli-
tude h0 of the harmonic displacement is kept small (h0 <
0:1D) in order to stay in the linear response domain. The
SFA also measures the hydrodynamic impedance, defined
as the complex force response Z%ð!;DÞ ¼ Z0 þ iZ00 ¼
F%ð!Þ=h0 associated with the harmonic forcing, where Z0

and Z00 are, respectively, the stiffness and the damping
terms. In the case of a Newtonian liquid of viscosity "0

confined between two rigid surfaces with a no-slip bound-
ary condition, the hydrodynamic impedance is purely
imaginary [16]:

Z%ð!;DÞ ¼ iZ00 ¼ i
6!"0!R2

D
: (1)

This expression has been widely used to study the rheology
of liquid films between various surfaces [1,16–19] and to
test the boundary condition at the liquid-solid interface [20].

The liquids studied are two nonpolar liquids—silicon
oils 47V20 (Mw & 3000 g=mol, Rg ’ 3 nm) and 47V100
(Mw & 11000 g=mol, Rg ’ 6 nm) purchased from
Bluestar Silicones—and two polar liquids—glycerol-water
mixtures made with analytical-grade glycerol (VWR
Analar, Normapur). The bulk viscosities of the liquids
range from 20 to 100 mPa s (Table I). The confining solids
are bulk borosilicate glass (Pyrex, Schott). A sphere is
prepared from a Pyrex rod molten into a flame, washed
in an ultrasonic bath with a detergent and ultraclean water,
and rinsed with purified propanol. The planes are 1' 1 cm
plates of borosilicate glass (thickness 5 mm, Schott
Borofloat 33, Young modulus E ¼ 64 GPa, and Poisson

ratio # ¼ 0:2) washed in the same way. The peak-to-peak
roughness measured by atomic force microscopy is 0.5 nm
over a 10' 10 $m area. The experiments are made at
ambient temperature T ¼ 25( 1)C.
In Fig. 2, the stiffness Z0 and the damping Z00 obtained

with one of the glycerol-water mixtures are plotted as a
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FIG. 1 (color online). (a) Principle of hydrodynamic imped-
ance measurements: the relative distance DðtÞ ¼ Dþ h0 cos!t
between a millimetric sphere of radius R and a plane is forced
harmonically, and its dc and ac components are measured with a
capacitive sensor. The plane is mounted on a double spring
cantilever of stiffness k, and the dynamic force FðtÞ ¼
F0 cosð!tþ%Þ is measured in amplitude and phase. The hydro-
dynamic impedance Z%ð!;DÞ is the linear force response
F0e

i%=h0. (b) Picture of the contact.

TABLE I. Experimental characteristics. The viscosity "0 is
obtained from the damping at large distance. R is the sphere
radius. Dc is the cutoff distance defined in Eq. (3), calculated
using the Young’s modulus E ¼ 64 GPa and the Poisson ratio
# ¼ 0:2 of borosilicate glass. [The Young’s modulus that appears
in Eq. (3) has to be divided by 2 to take into account the
deformation of the sphere and the plane.] All experiments are
performed at the frequency !=2! ¼ 19 Hz.

Fluid 47 V100 47V20
Glycerol-
water (a)

Glycerol-
water (b)

"0 (mPa s) 104:3* 3 22:9* 0:6 24:9* 1 35
R (mm) 3:37* 0:04 3:28* 0:03 3:25* 0:04 3:59* 0:04
Dc (nm) 14 5.0 5.2 7.2
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FIG. 2 (color online). Damping (red points) and stiffness (blue
points) measured with the water-glycerol mixture of viscosity
24.9 mPa s, in (a) linear scale and (b) log-log scale. The
frequency is !=2! ¼ 19 Hz, and the radius of the sphere is
R ¼ 3:59 mm.
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1.3 Measuring Forces Other approaches

Single- molecule optical tweezers assays also require a 
measurable change in a spatial coordinate of the system 
(for example, conformational change, displacement of 
the centre of mass, force- induced unfolding of a protein) 
whose magnitude is well within the spatial resolution of 
the instrument. In some cases, the change in the spatial 
coordinate is not large or discrete enough to be directly 
detected. In such cases, combined optical tweezers and 
single- molecule fluorescence detection may provide a 
way to monitor these changes while retaining the abil-
ity to act mechanically on the system via the tweezers.  
In general, in most optical tweezers experiments, the sys-
tem must be studied one molecule at a time. Therefore, 
systems that can be repeatedly manipulated (as in pro-
tein or RNA mechanical unfolding/refolding studies) 
or whose operation is cyclical, as in the case of enzyme 
reactions or molecular motors, make it possible to obtain 
good statistics on the system. We emphasize that optical 
tweezers- based single- molecule experiments should not 
be attempted if a robust bulk biochemistry assay of the 
system does not already exist, typically arrived at from 
bulk approaches. 

This Primer is not an exhaustive or comprehen-
sive review of all of the main applications of optical 
tweezers in biophysics; we have limited this review to 
single- molecule studies. As such, we have not covered 
the use of optical tweezers to manipulate cells or orga-
nelles. Here, we concentrate on the physical foundations 
of the method and on the best approaches to interpret the 
data. We describe the instrumentation and experimental 
designs used in most single- molecule optical tweezers 
assays (Experimentation), present representative exam-
ples of optical tweezers data, data correction and data 
analysis (Results), and describe the type of information 
that can be derived from the use of this method to study 
systems of great biophysical interest, including DNA 
elasticity, protein and RNA folding, and the dynamics of 
molecular motors (Applications). We also discuss data 
reproducibility given the inherent stochastic behaviour 
of individual molecules, suggest community practices 
to standardize the results from different laboratories 
(Reproducibility and data deposition), discuss the cur-
rent limitations in both instrument performance and 
the data analysis, and suggest ways to overcome these 
limitations (Limitations and optimizations). Finally, we 
explore areas of likely future growth and development 
of the method and its applications (Outlook). Several 
reviews are now available that can provide further details 
on some of the topics addressed here8–13.

Experimentation
In this section, we provide the basic information needed 
to set up an optical trap experiment. We describe the 
components of the instrument and its layout, how 
the instrument is calibrated, the various experimen-
tal geometries used and modes of operation, and how 
samples are prepared. Although commercial systems 
are becoming increasingly popular, to date a majority of 
optical tweezers continue to be custom- built instruments 
and, therefore, designs and operation procedures can vary 
widely. For the sake of brevity, we do not describe here 
the variety of instrument layouts in exhaustive detail but, 

rather, focus on key design features and highlight impor-
tant differences between set- ups. This section is organized 
around three main categories of instruments: standard 
optical tweezers (FIG. 2a) used to measure and exert forces 
and displacements, optical tweezers supplemented with 
fluorescence detection and imaging (‘fleezers’) (FIG. 2b) 
and angular optical tweezers (AOT) (FIG. 2c) that permit 
one to measure and exert torques and rotations.

Standard optical tweezers
A standard layout of optical tweezers is shown in FIG. 2a. 
A high- power laser generates the beam of light used to 
create the trap. The beam is expanded by a telescope and 
then passed into a high numerical aperture objective lens 
(which can be water or oil immersion) that focuses it into 
a diffraction- limited spot — the optical trap — inside a 
sample chamber. A condenser lens collects the transmit-
ted light, which is then imaged onto a position- sensitive 
detector used to measure the displacements of the 
trapped particle and the force exerted on it. In many 
designs, the angle of the beam entering the objective is 
actively steered (for example, with a motorized mirror 
or with an acousto- optic or electro- optic deflector) to 
control the trap position inside the sample chamber.  
In addition, the sample chamber is often mounted on an 
actuated stage to control its position in all three direc-
tions. A camera and bright- field illumination are used 
to image the sample chamber and traps. Although the 
set- up is often integrated into a commercial microscope 
body, this is not essential and many designs are built 
entirely from individual parts.

Fscat

Fgrad

Freflection

Frefraction

Reflected ray

Refracted ray

a b

Fig. 1 | Principles of optical tweezers. Forces acting on a 
dielectric sphere interacting with light, with the incident 
light beam focused by a high- numerical aperture (NA) lens. 
a | A Rayleigh particle smaller than the wavelength of light 
experiences a scattering force (Fscat, red arrow) that pushes 
the particle along the direction of propagation of the light 
and a gradient force (Fgrad, black arrow) that attracts it 
towards the focus. b | A dielectric sphere larger than the 
wavelength of light either reflects or refracts light (pink 
arrows) focused by a high- NA lens. The change in direction 
of each ray corresponds to a change in momentum of the 
light and an equal and opposite change in bead momentum. 
Reflected rays of light lose forward momentum that is 
gained by the bead, leading to a net force (Freflection, red 
arrow) pushing the bead along the direction of propagation 
of the light. Refracted rays are deflected forward because of 
the high incidence angle of the light, which generates 
momentum change and reactive force (Frefraction, black arrow) 
that pulls the bead towards the focus.

Refraction
A change in the direction  
of the travelling beam by the 
presence of an object that has 
a different index of refraction 
to the surrounding medium, 
when that beam impinges  
on it obliquely.

Reflection
A process by which the light 
that impinges on a surface of 
an object bounces back from 
that surface instead of being 
absorbed or refracted by the 
object.

Extinction cross- section
A measure of the efficiency 
with which a given object can 
absorb or scatter the light that 
impinges on it.

Poynting vector
A quantity that describes the 
magnitude and direction of the 
flow of energy of a propagating 
electromagnetic wave.

Geometric or ray optics
A description of light in terms 
of rays that describe in an 
approximate manner the paths 
along which the light travels.

Refractive objects
Objects that possess a 
different index of refraction  
to the medium in which they 
are immersed and that deflect 
light that impinges on them 
obliquely.

High numerical aperture
The range of angles over which 
a lens can collect light; the 
larger the numerical aperture, 
the larger the angular range.

Condenser lens
A standard optical microscope 
component typically used to 
focus the microscope light into 
the specimen; in optical traps  
it is often used to collect 
scattered trap light.
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0123456789();: laser focus, particularly along the axial (z) direction, can 
arise from heating of the objective by the trapping laser36. 
Feedback control over the stage position9,37 and temper-
ature control36 of the objective can be implemented to 
mitigate this drift. In contrast to the above instrument 
designs, in dual- trap set- ups the traps are decoupled 
from the surface and its drift. Furthermore, dual traps 
are usually formed from the same laser, either by split-
ting the laser into two orthogonally polarized beams38–40 
or by ‘time- sharing’, scanning the laser rapidly between 
two positions using rapid- switching and rapid- steering 
optics such as acousto- optic and electro- optic mod-
ulators and deflectors28,41–43. As a result, they are less 
sensitive to pointing drift of the laser as both traps are 
produced from the same source. Dual- trap set- ups gen-
erally provide superior stability, with drift in the separa-
tion between the traps maintained below 5 nm/h (REF.38), 
a performance approaching fundamental noise limits set 
by Brownian motion40.

Sample preparation. To carry out an optical trap meas-
urement, the biological system of interest, the beads used 
to exert forces on the system and the sample chamber in 
which the measurements are made must all be prepared 
in advance. As described above, some component of the 

system must be tethered to trapped beads and/or to the 
sample chamber surface. Commonly used linkages are 
streptavidin–biotin and antibody–antigen pairs owing to 
their strength under force and commercial availability. 
DNA molecules to be tethered are usually functionalized 
with biotin and/or digoxigenin — a small- molecule tag 
that binds to an antibody — via incorporation of mod-
ified bases or modified DNA primers, all commercially 
available. Various approaches have been developed to 
tether proteins. Protein samples can be attached to beads 
through a specific antibody or via an affinity peptide tag 
(for example, 6× histidine). Biotinylation is also possi-
ble in recombinant proteins containing the Avi peptide 
tag using the BirA biotin ligase38,44. Micron- sized beads 
coated with streptavidin or protein G (to which an anti-
body can be bound), available from several manufac-
turers, are then used to bind the molecule of interest. 
In many protein folding studies, the protein of interest 
is attached covalently to molecular handles — usually, 
dsDNA — which separates the protein from the beads 
and eliminates unwanted interactions. A common strat-
egy is a disulfide bond linkage between a free cysteine 
in the protein and maleimide- functionalized DNA45–48. 
Enzyme- based coupling methods have also been used 
for covalent protein–DNA linkages. In these approaches, 

a
Optical tweezers Fleezers

d  Epifluorescence g  Angular optical tweezers

b

c

e  Total internal reflection

f  Confocal

Force

ForceForce

Force

Force

Torque

+ + +Extension

Extension

Extension

Extension

Angle

Fig. 3 | Measurement geometries of standard optical traps, fleezers and 
angular optical traps. a–c | Common optical trapping geometries11. 
Single- trap, surface- based geometry where a molecule (here, DNA) 
functionalized at both ends (yellow cross and pentagon) is tethered 
between a trapped bead and the sample chamber surface (part a). 
Single- trap, micropipette- based geometry where the molecule is attached 
to a trapped bead and a second bead held by suction on the end of a 
micropipette (part b). Dual- trap geometry where the molecule is tethered 
between two trapped beads (part c). d–f | Example fleezers configurations11. 
Dual traps with wide- field, epifluorescence microscopy, where excitation 
light bathes the specimen plane and fluorescence is collected from dyes 
(green circles) emitting in the focal plane (part d). Single trap with total 

internal reflection fluorescence microscopy, where excitation occurs at the 
chamber surface, in an exponentially decaying evanescent field (typically 
~100–200 nm in depth) (part e). Dual traps with confocal fluorescence 
microscopy, where the excitation light is focused into a diffraction- limited 
spot inside the sample chamber, and only light emitted from within the spot 
is collected (part f). g | Basic operational geometry of angular optical 
tweezers (AOT)91,171. In AOT, a nanofabricated quartz cylinder is trapped. 
Shown is an example where the AOT are used to investigate the torsional 
properties of a DNA molecule by twisting the DNA. During this 
measurement, the AOT exert and measure torque, control rotation and 
supercoiling, and measure the displacement and force of the trapped 
cylinder, all at the same time.

Pointing drift
Unwanted changes in the 
direction of a beam of light.

Brownian motion
The random fluctuation  
of a particle’s position  
(and orientation) at a given 
temperature.
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Bustamante, C. J., Chemla, Y. R., Liu, S., & Wang, M. D. (2021). Optical tweezers in 
single-molecule biophysics. Nature Reviews Methods Primers, 1(1), 25.

Optical Tweezer

diameter approximately 10 mm hovering over a surface (Figure 12.9). The surface is
usually made of transparent glass, and a laser beam is directed at the particle from below.
From the intensity of the reflected beam one can record the motion of the particle about
its mean separation D0 in real time to an accuracy of about 5 nm. By analyzing how the
reflected light intensity varies with space and time, the time-averaged spatial distribution
function r(D), which gives the distances sampled on either side of the equilibrium
distance, is obtained. From the distribution function, one can determine the interaction
potential W(D) or force-law F(D) on either side of the equilibrium distance. The TIRM
technique provides data on a variety of interparticle interactions under conditions that
closely reproduce those occurring in colloidal dispersions.

More recently, radiation pressure has also been used to modulate the force acting on
the colloidal particle (Prieve, 1999). Closely related to the TIRM technique is the Reflec-
tance Interference Contrast Microscopy (RICM) technique for studying membrane-
substrate interactions involving large flexible (thermally mobile) surfaces such as those of
giant lipid bilayer vesicles and biological cells. The RICM technique is described in
Chapter 21.

12.9 Measuring Single-Molecule and Single-Bond
Interactions: OT and MC Techniques

12.9.1 Optical Tweezers or Optical Trapping (OT)

Optical trapping employs radiation pressure via gradients in light intensity to generate
a force on a “functionalized” or “derivatized” particle, viz., a particle to which specific

0
D (nm)

Density
distribution,

10050

water

D0

glass

light

particle

D

(D)(D)

Interaction
potential,

D W )( D W )(

FIGURE 12.9 Measuring repulsive colloidal forces with the Total Internal Reflection Microscopy (TIRM) technique.
Measured density distribution r(D) and corresponding potential energy profileW(D) for 10 mmpolystyrene sphere near
aglass surface in a1mMNaCl solution (Prieve andFrej, 1990; Prieve et al., 1990). The steep repulsion close in is due to the
“double-layer” interaction (Chapter 14); the linear attraction farther out is due to the gravitational potential. Note that
there is no real equilibrium separation between the sphere and the surface, only a distribution of distances about the
mean distance, D0. This “distribution” defines the thermodynamic equilibrium state of the particle.
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Slow temporal evolution of the macroscopic elastic modulus
« Attractive » Silica and PMMA suspensions at high salt concentrations

Macroscopic aging occurs without 
structural rearrangements 

2.1 Contact Ageing

Bonacci, F., Chateau, X., Furst, E. M., Fusier, J., Goyon, J., & Lemaître, A. (2020). Contact 
and macroscopic ageing in colloidal suspensions. Nature Materials, 19(7), 775-780.
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Does microscopic contact stiffness evolve with time?

Three-point bending test using 
optical tweezers

5 um

2.1 Contact Ageing
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Microscopic contact evolution

Bonacci, F., Chateau, X., Furst, E. M., Fusier, J., Goyon, J., & Lemaître, A. (2020).
Contact and macroscopic ageing in colloidal suspensions. Nature Materials, 19(7), 775-780.
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ARTICLESNATURE MATERIALS

Solid–solid contact stability and ageing
To address question (1), we carry out optical tweezer experiments 
using Pantina and Furst’s method27,28, which consists of assembling 
an odd number of particles into a rod and performing three-point 
bending tests, as illustrated in Fig. 3a. This experiment uses par-
ticles of diameter 2ɑ = 1.9 μm (see Methods for the setup and rod 
assembly protocol).

In low-ionic-strength aqueous suspensions, electrostatic repul-
sion32 gives rise to a potential barrier that limits the formation of 
solid–solid interparticle contacts. A shallow secondary minimum 
then permits the formation of weak interparticle bonds, that can 
be broken using optical traps33,34. In Supplementary Note 2 and 
Supplementary Video we show that here, in contrast:

 1. For I ≥ 0.1 M, no repulsive barrier exists to limit contact forma-
tion.

 2. Consistently, when two particles are approached, they form a 
contact that resists opening.

In addition,

 3. Once formed, rods remain stable for hours when held by just 
two traps acting on the end particles.

Under the studied conditions, when two particles are approached, 
they form solid–solid contacts that do not break by thermal activa-
tion over the timescale at which we observe macroscopic ageing.

By analysing rod images during the laser-tweezer experiment 
(see Supplementary Methods), we access the bending force f as a 
function of rod deflection δ

I

. Typical data for a single rod at different 
times after its formation are reported in Fig. 3b. Such experiments, 
replicated at different ionic strengths between 0.10 and 0.20 M, yield 
the following observations:
 4. Under loading, rods bend according to the Euler–Bernoulli 

equation (see Supplementary Methods and refs. 27,28), which 
demonstrates that contacts resist rolling.

 5. !e bending modulus grows over time (Fig. 3b).
Point (4) indicates that the rod sti"ness can be characterized by an 
e"ective single-bond rigidity,

k0 ¼ kb ´
L
a

! "3

ð1Þ

where L is the rod length and kb the rod bending modulus deduced 
from the Euler–Bernouilli equation. Plotting k0

I
 versus t for both 11 

and 13 particle rods (Fig. 3c) confirms that k0
I

 is independent of L, 
and demonstrates that:

 6. #exural rigidity reaches a roughly logarithmic growth regime at 
later times.

Like G0ðtÞ
I

, k0ðtÞ
I

 shows an upward curve, so that the logarithmic 
scaling extends over less than a decade.

Also, k0
I

 is I-independent at the considered salt concentrations: 
this expectedly results from the saturation, for I ≥ 0.1 M, of the zeta 
potential (at ≅−10 mV), hence of the charge density, of our particles 
(see ref. 7 and Supplementary Note 2).

Two key conclusions may be drawn from these observations. 
First, points (1)–(4) demonstrate the non-barrier-limited formation 
of solid–solid, roll-resistant, contacts that do not break by thermal 
activation. This unambiguously supports that the rapid forma-
tion of contacts stabilizes suspension microstructures shortly after 
arrest. Second, the evolution of the effective flexural rigidity of rods 
demonstrates that solid–solid interparticle contacts age.

From contact to macroscopic ageing
This now brings us to the original question (2). For a fixed micro-
structure, we expect

G0ðtÞ ¼ S
a
´ k0ðtÞ ð2Þ

with S

I

, a t-independent dimensionless quantity, characterizing the 
structure. This linear relation is indeed clearly supported by plotting 
G0ðtÞ
I

 versus k0ðtÞ
I

 for our 2ɑ ≅ 1.9 μm particles (blue symbols in Fig. 
4a); it also applies to all the studied ionic strengths and packing frac-
tions. These data show that, in the tested conditions, macroscopic 
ageing results from the progressive stiffening of interparticle con-
tacts, the microstructure being essentially frozen shortly after arrest.

Let us explore in more detail the possible origin of contact age-
ing and its consequences in terms of macroscopic ageing. We recall 
that interparticle solid–solid contacts are flat circular areas of radius

ac ¼ A
3πa2W
8E"

! "1=3

ð3Þ
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Fig. 3 | Laser-tweezer bending test. a, Three snapshots of an 11-particle beam at different loading levels during the three-point bending test; the red  
crosses schematically represent the positions of optical traps. Scale bar, 5!μm. b, Force f versus beam deflection δ

I

 after three ageing times. c, Bond  
stiffness k0

I
 as a function of time t for different ionic strengths, as measured from three-point bending tests with two rod lengths L (error bars show the 

confidence interval of the linear fit of f versus δ

I

 data). d, log-linear plot of k0
3/4 versus t supporting that asymptotic growth scales as ’ ðlogðt=τÞÞ4=3

I
  

(see text for details).
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Macroscopic suspension aging stems from
microscopic contact stiffening

ARTICLESNATURE MATERIALS

Solid–solid contact stability and ageing
To address question (1), we carry out optical tweezer experiments 
using Pantina and Furst’s method27,28, which consists of assembling 
an odd number of particles into a rod and performing three-point 
bending tests, as illustrated in Fig. 3a. This experiment uses par-
ticles of diameter 2ɑ = 1.9 μm (see Methods for the setup and rod 
assembly protocol).

In low-ionic-strength aqueous suspensions, electrostatic repul-
sion32 gives rise to a potential barrier that limits the formation of 
solid–solid interparticle contacts. A shallow secondary minimum 
then permits the formation of weak interparticle bonds, that can 
be broken using optical traps33,34. In Supplementary Note 2 and 
Supplementary Video we show that here, in contrast:

 1. For I ≥ 0.1 M, no repulsive barrier exists to limit contact forma-
tion.

 2. Consistently, when two particles are approached, they form a 
contact that resists opening.

In addition,

 3. Once formed, rods remain stable for hours when held by just 
two traps acting on the end particles.

Under the studied conditions, when two particles are approached, 
they form solid–solid contacts that do not break by thermal activa-
tion over the timescale at which we observe macroscopic ageing.

By analysing rod images during the laser-tweezer experiment 
(see Supplementary Methods), we access the bending force f as a 
function of rod deflection δ

I

. Typical data for a single rod at different 
times after its formation are reported in Fig. 3b. Such experiments, 
replicated at different ionic strengths between 0.10 and 0.20 M, yield 
the following observations:
 4. Under loading, rods bend according to the Euler–Bernoulli 

equation (see Supplementary Methods and refs. 27,28), which 
demonstrates that contacts resist rolling.

 5. !e bending modulus grows over time (Fig. 3b).
Point (4) indicates that the rod sti"ness can be characterized by an 
e"ective single-bond rigidity,

k0 ¼ kb ´
L
a

! "3

ð1Þ

where L is the rod length and kb the rod bending modulus deduced 
from the Euler–Bernouilli equation. Plotting k0

I
 versus t for both 11 

and 13 particle rods (Fig. 3c) confirms that k0
I

 is independent of L, 
and demonstrates that:

 6. #exural rigidity reaches a roughly logarithmic growth regime at 
later times.

Like G0ðtÞ
I

, k0ðtÞ
I

 shows an upward curve, so that the logarithmic 
scaling extends over less than a decade.

Also, k0
I

 is I-independent at the considered salt concentrations: 
this expectedly results from the saturation, for I ≥ 0.1 M, of the zeta 
potential (at ≅−10 mV), hence of the charge density, of our particles 
(see ref. 7 and Supplementary Note 2).

Two key conclusions may be drawn from these observations. 
First, points (1)–(4) demonstrate the non-barrier-limited formation 
of solid–solid, roll-resistant, contacts that do not break by thermal 
activation. This unambiguously supports that the rapid forma-
tion of contacts stabilizes suspension microstructures shortly after 
arrest. Second, the evolution of the effective flexural rigidity of rods 
demonstrates that solid–solid interparticle contacts age.

From contact to macroscopic ageing
This now brings us to the original question (2). For a fixed micro-
structure, we expect

G0ðtÞ ¼ S
a
´ k0ðtÞ ð2Þ

with S

I

, a t-independent dimensionless quantity, characterizing the 
structure. This linear relation is indeed clearly supported by plotting 
G0ðtÞ
I

 versus k0ðtÞ
I

 for our 2ɑ ≅ 1.9 μm particles (blue symbols in Fig. 
4a); it also applies to all the studied ionic strengths and packing frac-
tions. These data show that, in the tested conditions, macroscopic 
ageing results from the progressive stiffening of interparticle con-
tacts, the microstructure being essentially frozen shortly after arrest.

Let us explore in more detail the possible origin of contact age-
ing and its consequences in terms of macroscopic ageing. We recall 
that interparticle solid–solid contacts are flat circular areas of radius
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Fig. 3 | Laser-tweezer bending test. a, Three snapshots of an 11-particle beam at different loading levels during the three-point bending test; the red  
crosses schematically represent the positions of optical traps. Scale bar, 5!μm. b, Force f versus beam deflection δ

I

 after three ageing times. c, Bond  
stiffness k0

I
 as a function of time t for different ionic strengths, as measured from three-point bending tests with two rod lengths L (error bars show the 

confidence interval of the linear fit of f versus δ

I

 data). d, log-linear plot of k0
3/4 versus t supporting that asymptotic growth scales as ’ ðlogðt=τÞÞ4=3

I
  

(see text for details).
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2 Viscosimetric measurements
2.1 Materials

The suspensions are made of polystyrene particles (Dynoseeds
TS40 from Microbeads) suspended in a mixture of water
(90 vol%), Ucon oil (75-H-90,000, Dow) and a 1.5% aqueous
solution of Zinc Bromide. Ucon oil is added to water to increase
the viscosity of the suspending fluid in order to be able to
perform rheology measurements over a wide range of shear
stresses and still have a low Reynolds number. Zinc bromide is
added to precisely match the density of the liquid to that of the
particles, which has been measured to be 1045 ! 4 kg m"3. The
viscosity has been measured for various stresses comprised
between 0.1 and 100 Pa. In this range, the suspending liquid is
Newtonian with a viscosity equal to 0.055 ! 0.002 Pa s at T =
25 1C. The nominal diameter of the particles is 40 mm. They are
supposed to be monodisperse but Dai et al.33 determined
precisely the size distribution of the same kind of particles
and showed a slight polydispersity with a standard deviation in
size of about 4.3 mm around a mean diameter of 2a = 40.3 mm.
By AFM imaging, we characterized the roughness of the particles
that has been found to be around 36 nm (RMS value).25

We studied the variation of viscosity with shear stress for
five particle volume fractions, f: 0.405, 0.45, 0.47, 0.49 and
0.507 and we compare the behavior of suspensions whose
particles have been previously washed (WP) or not (RP). WP
particles are washed by several steps (E5) of filtration and
redispersion in deionized water after which they are dried in a
vacuum oven during 12 h at T = 60 1C. Dynoseeds TS
40 (MICROBEADS) particles are manufactured by using a technique
of aqueous dispersion polymerisation that involves the presence of
a stabilizer in the dispersion.34 Thus, by washing the particles, we
anticipate that the colloidal interactions between particles will be
modified. The role of colloidal forces in suspension rheology has
been much less studied for non-Brownian suspensions than for
Brownian suspensions, probably because it is much weaker.
However, recent studies have shown that changing the physico-
chemical properties of non-Brownian suspensions has a noticeable
impact on rheology.14,22,23

2.2 Rheometric experiments

The viscosity has been measured in rotating parallel plate
geometry. The radius of the disks, R, is 30 mm and the gap
height is set to 1.2 mm, i.e. 30 particle diameters, so that wall
ordering effects can be neglected.35 Rotating plate geometry
provides the advantage that no migration36 or very slow
migration37 takes place. The inconvenience of using such a
geometry to study non-Newtonian materials is obviously the
variation of the shear rate with radial position. To account for
shear rate variation from 0 at the center to _gR = OR/h at the rim
(O being the angular velocity of the rotating plate), the Mooney–
Rabinovitch correction is used to correct the shear stress:

sR ¼
srheo
4

3þ d lnsrheo
d ln _gR

! "
(1)

where srheo = 2G/pR3 with G the torque applied by the
rheometer.

The viscosity is then obtained:

Z ¼ sR
_gR

(2)

Viscosity is measured by imposing stress steps whose
duration varies depending on the intensity of the stress. Indeed,
the steady viscosity of a suspension is only reached when its
microstructure is at equilibrium, which requires that the
suspension has been sheared over a deformation of several
units. In the following, we will use the normalized viscosity
defined by the ratio of the suspension viscosity to the suspend-
ing fluid viscosity: ZS = Z/Z0. The variation of ZS with particle
volume fraction is shown in Fig. 1. In this figure, two different
behaviors can be observed, depending on whether the particles
have been washed (WP) before the suspension was made, or if
raw particles (RP) where used. As said before, washed particle
suspensions are likely to be less stable than non-washed
suspensions since washing the particles removes all or part of
the surfactant. The particles are then possibly subject to
adhesive forces. An order of magnitude of these forces can be
obtained by using the JKR theory:38

Fadh ¼
3

2
pwrc (3)

where w is the energy per contact area. Following Hodges et al.,39

for rc, we take the curvature radius of an asperity which is of the
order of a hundred nanometers.25,40,41 The value of w is found in
the literature42,43 and is of the order of 60 to 80 mJ m"2.
These values lead to Fadh E 30 nN which corresponds to a
typical shear stress of sadh = F/6pa2 E 4 Pa. This order of
magnitude is consistent with what is observed in Fig. 1 where
the viscosity values of the two types of suspensions are shown to
be different for stresses typically lower than 5 Pa. In this low
stress range (s o 5 Pa), the viscosity of the WP suspensions
increases sharply as the shear stress decreases, regardless of the
volume fraction value. On the contrary, the viscosity of the less
concentrated RP suspensions (i.e. f = 0.405, 0.45 and 0.47) tends

Fig. 1 Variation of the viscosity with shear stress for suspensions made of
either washed (hollow squares) or non-washed (stars) TS40 particles.
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presented in Fig. 5. The normal force is the combination of a
continuous component that increases as soon as the particles
touch (the vertical velocity of the substrate is sufficiently small
for the vertical lubricating force to be negligible) and an
oscillating force whose period is that of the horizontal vibration
of the substrate (see insert of Fig. 5): Fn(t) = Fmean

n (t) + Fosc
n cosot.

The quasi-periodic component of Fn comes from geometry and
is caused by the curvature of the particles. Fernandez et al.16

studied in detail the effect of particle curvature on the AFM
measurement of normal and tangential forces and showed that
it could be very important if the particle size is not very large
compared to the oscillation amplitude of the substrate. But, it
is not the case in our study where the particles have a radius of

20 mm while the vibration amplitude of the substrate is of the
order of one micron, which implies that, during a cycle, the
height of the particle probe varies by about dh E 25 nm to
remain in contact with the particle stuck on the substrate,

which corresponds to very small angles
ffiffiffiffiffiffiffiffiffiffiffiffi
2dh=a

p
. In particular,

this evaluation is fully compatible with the amplitude of
oscillation of the normal force (Fosc

n E Kspringdh E100 nN).
We can get rid of curvature effects by considering only the
measurements of normal force and tangential force over a
sufficiently small interval of y so that the variation of the
normal force is small in comparison with its mean value.
To this aim, for each quasi-cycle (y,Fn), we consider only the
central region whose extension is chosen so that the normal
force varies by less than 10% (see blue squares in Fig. 6). In this
region, the friction coefficient is defined by

m ¼
Fup
th i" Fdown

t

" #

2Fmean
n

(10)

where Fup
t and Fdown

t are the tangential forces recorded when
the substrate moves to the right ( y0 4 0) or to the left ( y0 o 0)
and the symbol h. . .i denotes the average over the chosen
interval of y. This is illustrated in Fig. 6 where the typical
variations of the normal force and tangential force during a
cycle are shown.

The friction coefficient is measured for six different particle
pairs, for three different frequencies (25, 50 and 100 Hz) and
different lateral displacement amplitudes (comprised between
600 and 2000 nm). Fig. 7 shows the measured friction coefficient
for 12 realizations (small symbols) and the averaged friction
coefficient (solid line). It should first be noted that, as expected
in the frame of a mono-contact model, the friction coefficient
decreases as the normal load increases. Secondly, the measured
coefficients of friction vary quite significantly from one realization
to another. These differences are not due to experimental

Fig. 4 Hydrodynamic calibration of the lateral stiffness. The probe is
immersed in a mixture of water and glycerol with a viscosity of 0.049 Pa s
and the substrate is oscillated at a frequency of 120 Hz while the probe is at a
distance h0. The torque calculated from eqn (7)–(9) is plotted against the
amplitude of the photodiode output voltage for four different values of h0.
The slope of the lines (s) varies with h0 but tends towards a constant value
when h0 becomes sufficiently small. The value of the slope obtained for the
two smallest separation distances is used to determine the lateral conversion
factor: kl = 1.30 # 10"11 N m V"1.

Fig. 5 Normal force as a function of the vertical position of the substrate.
The blue curve is the measured force while the orange line is the value of
the force averaged over a period of oscillation of the substrate. Inset:
Zoom of the variation of the normal load with vertical position.

Fig. 6 Variation of the normal (up) and tangential (down) force versus the
lateral position of the substrate during one period of oscillation. During a
cycle, both the normal force and the absolute value of the tangential force
vary. Therefore, to calculate the coefficient, we only select the data for
which the normal force deviates from its mean value by lower than 10%
(blue squares).
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towards a plateau as the shear stress decreases. Even a relatively
low but still visible shear-thickening regime can be observed for
stresses below typically 1 Pa. The explanation for this shear-
thickening is presumably the same as that proposed by Seto
et al.12 to explain DST: the observed continuous shear-thickening
should originate from a competition between the repulsive
forces resulting from the presence of the surfactant which tends
to prevent contact between particles and the forces associated
with the flow which, on the contrary, promote frictional contacts
between particles. The characteristic shear stress for which
shear-thickening takes place is smaller than the one usually
reported in studies dedicated to shear-thickening. However, one
must keep in mind that the particles used in the present study
are as large as 40 mm in diameter. Guy et al.13 have shown, based
on their own data and using the data collected by Barnes in his
review,44 that the critical shear-thickening stress varies as a!2.
The values of critical stresses reported by these authors for
particles of several tens of microns in size are of the order of
0.1 Pa which is consistent with the findings of Fig. 1. As a last
argument supporting that the flow regime is that of a suspension
in the thickened state, we would like to stress that the relative
viscosity values that we measure above sE 1 Pa are consistent with
those that are measured -or calculated numerically-indifferently in
concentrated non-Brownian frictional suspensions3,7,21,25 or in
shear-thickening suspensions beyond the shear-thickening
transition.4,13,45 Finally, note that for the two highest particle
volume fraction, no peak viscosity is observed anymore in Fig. 1
for the raw particle suspensions. This finding is consistent with the
recent work of Singh et al.46 who studied how shear-thickening
transition can be obscured by the presence of adhesive forces.
On the one hand, the onset stress of shear-thickening does not vary
with particle volume fraction1,4,13 while, on the other hand, the
yield stress increases with increasing particle volume fraction.22,23

It is therefore likely that the residual adhesion forces cause a yield
stress whose value increases with increasing f and which, for large
enough volume fractions, conceals the shear-thickening transition.

Above 5 Pa, both suspensions behave the same. This means
in particular that the shear-thinning behavior in the range of
stresses above 5 Pa cannot be attributed to adhesive properties
of the particles. This suggests, as proposed by Papadopoulou
et al.,22 that shear-thinning may originate from several
mechanisms, including adhesion or friction. In the following,
we will show how the shear-thinning observed for shear
stresses larger than a few Pa – which is almost the same for
the two types of suspensions – can be explained by a load-
dependent inter-particle friction as proposed by Lobry et al.25 in
the STIVF model. To this aim, we first measure the frictional
properties of the TS40 polystyrene particles immersed in the
mixture (water + Uconoil + ZnBr). This will be described in the
next section.

3 AFM measurements
The experiment was performed using Atomic Force Microscope
AFM (Bioscope, Bruker). The system is equipped with a liquid

cell (DTFML-DD-HE, Bruker) that allows dynamic mode working
in liquid environment. A Dynoseed TS40 sphere of radius 20 mm
is attached to the end of an AFM rectangular cantilever (NSG-11/
tipless, TipsNano, length 130 mm, width 35" 3 mm and thickness
2 " 0.5 mm) using epoxy glue (Araldite) (see Fig. 2a). Other
particles are deposited on a glass substrate coated with a thin
layer of glue and a jet of filtered air is used to remove particles
that were not stuck on the surface. The particle-seeded substrate
is mounted on a 3-axis piezoelectric actuation stage (NanoT
series, Mad City Labs) that allows lateral displacement (along
y-axis) of up to 20 mm V!1, and vertical displacement (along
z-axis) of up to 5 mm V!1 under closed loop control (Fig. 2b).
After centering the colloidal probe with one of the spheres on
substrate, we simultaneously measured the vertical and lateral
forces. Both vertical and lateral deflections of the cantilever are
measured by a laser beam that is reflected on the back surface of
the cantilever and detected by a four segments photodiode.
The measured photodiode signals are recorded with an Analog
to Digital (A/D) acquisition board (PCI-4462, Nat. Instr. USA) with
a sampling rate of 2 kHz.

3.1 Calibration

Since the vertical and lateral force are deduced from the
photodiode signal, it is necessary to determine the conversion
factors, kn and ky that enable to convert the photodiode output
voltage into force values:

Fn ¼ knVz

Ft ¼ Q=2a ¼ klVy=2a ¼ kyVy
(4)

where Fn and Q are the normal force and the torque applied to
the cantilever. Vz and Vy are the output signals of the photo-
diode and Ft is the tangential frictional force.

Many calibration methods exist (Cleveland method,47 Sader
method,48 thermal noise method,49 hydrodynamic method50)
and among them we chose the hydrodynamic method. To
determine kn, we followed Craig and Neto50 and calibrated
the vertical stiffness of the cantilever by measuring the

Fig. 2 AFM measurement device. (a) Microsphere glued on a rectangular
cantilever. (b) Sketch of friction measurement. (c) and (d) Sketches of
vertical and lateral stiffness calibrations.
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2 Viscosimetric measurements
2.1 Materials

The suspensions are made of polystyrene particles (Dynoseeds
TS40 from Microbeads) suspended in a mixture of water
(90 vol%), Ucon oil (75-H-90,000, Dow) and a 1.5% aqueous
solution of Zinc Bromide. Ucon oil is added to water to increase
the viscosity of the suspending fluid in order to be able to
perform rheology measurements over a wide range of shear
stresses and still have a low Reynolds number. Zinc bromide is
added to precisely match the density of the liquid to that of the
particles, which has been measured to be 1045 ! 4 kg m"3. The
viscosity has been measured for various stresses comprised
between 0.1 and 100 Pa. In this range, the suspending liquid is
Newtonian with a viscosity equal to 0.055 ! 0.002 Pa s at T =
25 1C. The nominal diameter of the particles is 40 mm. They are
supposed to be monodisperse but Dai et al.33 determined
precisely the size distribution of the same kind of particles
and showed a slight polydispersity with a standard deviation in
size of about 4.3 mm around a mean diameter of 2a = 40.3 mm.
By AFM imaging, we characterized the roughness of the particles
that has been found to be around 36 nm (RMS value).25

We studied the variation of viscosity with shear stress for
five particle volume fractions, f: 0.405, 0.45, 0.47, 0.49 and
0.507 and we compare the behavior of suspensions whose
particles have been previously washed (WP) or not (RP). WP
particles are washed by several steps (E5) of filtration and
redispersion in deionized water after which they are dried in a
vacuum oven during 12 h at T = 60 1C. Dynoseeds TS
40 (MICROBEADS) particles are manufactured by using a technique
of aqueous dispersion polymerisation that involves the presence of
a stabilizer in the dispersion.34 Thus, by washing the particles, we
anticipate that the colloidal interactions between particles will be
modified. The role of colloidal forces in suspension rheology has
been much less studied for non-Brownian suspensions than for
Brownian suspensions, probably because it is much weaker.
However, recent studies have shown that changing the physico-
chemical properties of non-Brownian suspensions has a noticeable
impact on rheology.14,22,23

2.2 Rheometric experiments

The viscosity has been measured in rotating parallel plate
geometry. The radius of the disks, R, is 30 mm and the gap
height is set to 1.2 mm, i.e. 30 particle diameters, so that wall
ordering effects can be neglected.35 Rotating plate geometry
provides the advantage that no migration36 or very slow
migration37 takes place. The inconvenience of using such a
geometry to study non-Newtonian materials is obviously the
variation of the shear rate with radial position. To account for
shear rate variation from 0 at the center to _gR = OR/h at the rim
(O being the angular velocity of the rotating plate), the Mooney–
Rabinovitch correction is used to correct the shear stress:

sR ¼
srheo
4

3þ d lnsrheo
d ln _gR

! "
(1)

where srheo = 2G/pR3 with G the torque applied by the
rheometer.

The viscosity is then obtained:

Z ¼ sR
_gR

(2)

Viscosity is measured by imposing stress steps whose
duration varies depending on the intensity of the stress. Indeed,
the steady viscosity of a suspension is only reached when its
microstructure is at equilibrium, which requires that the
suspension has been sheared over a deformation of several
units. In the following, we will use the normalized viscosity
defined by the ratio of the suspension viscosity to the suspend-
ing fluid viscosity: ZS = Z/Z0. The variation of ZS with particle
volume fraction is shown in Fig. 1. In this figure, two different
behaviors can be observed, depending on whether the particles
have been washed (WP) before the suspension was made, or if
raw particles (RP) where used. As said before, washed particle
suspensions are likely to be less stable than non-washed
suspensions since washing the particles removes all or part of
the surfactant. The particles are then possibly subject to
adhesive forces. An order of magnitude of these forces can be
obtained by using the JKR theory:38

Fadh ¼
3

2
pwrc (3)

where w is the energy per contact area. Following Hodges et al.,39

for rc, we take the curvature radius of an asperity which is of the
order of a hundred nanometers.25,40,41 The value of w is found in
the literature42,43 and is of the order of 60 to 80 mJ m"2.
These values lead to Fadh E 30 nN which corresponds to a
typical shear stress of sadh = F/6pa2 E 4 Pa. This order of
magnitude is consistent with what is observed in Fig. 1 where
the viscosity values of the two types of suspensions are shown to
be different for stresses typically lower than 5 Pa. In this low
stress range (s o 5 Pa), the viscosity of the WP suspensions
increases sharply as the shear stress decreases, regardless of the
volume fraction value. On the contrary, the viscosity of the less
concentrated RP suspensions (i.e. f = 0.405, 0.45 and 0.47) tends

Fig. 1 Variation of the viscosity with shear stress for suspensions made of
either washed (hollow squares) or non-washed (stars) TS40 particles.
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presented in Fig. 5. The normal force is the combination of a
continuous component that increases as soon as the particles
touch (the vertical velocity of the substrate is sufficiently small
for the vertical lubricating force to be negligible) and an
oscillating force whose period is that of the horizontal vibration
of the substrate (see insert of Fig. 5): Fn(t) = Fmean

n (t) + Fosc
n cosot.

The quasi-periodic component of Fn comes from geometry and
is caused by the curvature of the particles. Fernandez et al.16

studied in detail the effect of particle curvature on the AFM
measurement of normal and tangential forces and showed that
it could be very important if the particle size is not very large
compared to the oscillation amplitude of the substrate. But, it
is not the case in our study where the particles have a radius of

20 mm while the vibration amplitude of the substrate is of the
order of one micron, which implies that, during a cycle, the
height of the particle probe varies by about dh E 25 nm to
remain in contact with the particle stuck on the substrate,

which corresponds to very small angles
ffiffiffiffiffiffiffiffiffiffiffiffi
2dh=a

p
. In particular,

this evaluation is fully compatible with the amplitude of
oscillation of the normal force (Fosc

n E Kspringdh E100 nN).
We can get rid of curvature effects by considering only the
measurements of normal force and tangential force over a
sufficiently small interval of y so that the variation of the
normal force is small in comparison with its mean value.
To this aim, for each quasi-cycle (y,Fn), we consider only the
central region whose extension is chosen so that the normal
force varies by less than 10% (see blue squares in Fig. 6). In this
region, the friction coefficient is defined by

m ¼
Fup
th i" Fdown

t

" #

2Fmean
n

(10)

where Fup
t and Fdown

t are the tangential forces recorded when
the substrate moves to the right ( y0 4 0) or to the left ( y0 o 0)
and the symbol h. . .i denotes the average over the chosen
interval of y. This is illustrated in Fig. 6 where the typical
variations of the normal force and tangential force during a
cycle are shown.

The friction coefficient is measured for six different particle
pairs, for three different frequencies (25, 50 and 100 Hz) and
different lateral displacement amplitudes (comprised between
600 and 2000 nm). Fig. 7 shows the measured friction coefficient
for 12 realizations (small symbols) and the averaged friction
coefficient (solid line). It should first be noted that, as expected
in the frame of a mono-contact model, the friction coefficient
decreases as the normal load increases. Secondly, the measured
coefficients of friction vary quite significantly from one realization
to another. These differences are not due to experimental

Fig. 4 Hydrodynamic calibration of the lateral stiffness. The probe is
immersed in a mixture of water and glycerol with a viscosity of 0.049 Pa s
and the substrate is oscillated at a frequency of 120 Hz while the probe is at a
distance h0. The torque calculated from eqn (7)–(9) is plotted against the
amplitude of the photodiode output voltage for four different values of h0.
The slope of the lines (s) varies with h0 but tends towards a constant value
when h0 becomes sufficiently small. The value of the slope obtained for the
two smallest separation distances is used to determine the lateral conversion
factor: kl = 1.30 # 10"11 N m V"1.

Fig. 5 Normal force as a function of the vertical position of the substrate.
The blue curve is the measured force while the orange line is the value of
the force averaged over a period of oscillation of the substrate. Inset:
Zoom of the variation of the normal load with vertical position.

Fig. 6 Variation of the normal (up) and tangential (down) force versus the
lateral position of the substrate during one period of oscillation. During a
cycle, both the normal force and the absolute value of the tangential force
vary. Therefore, to calculate the coefficient, we only select the data for
which the normal force deviates from its mean value by lower than 10%
(blue squares).
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uncertainties, but rather to a spatial variation of the local friction
coefficient which is expected, especially taking into account the
surface roughness. We recall that the characteristic extension of
the surface roughness is of the order or slightly less than one
micron, which is also the order of magnitude of the lateral
displacement on which the friction is probed. It is therefore not
surprising that, from one realization to another, the local friction
coefficient changes. On the contrary, we verified that neither the
frequency nor the amplitude of vibration of the substrate affected
the measurement of the friction coefficient.

In Fig. 7, some results obtained in quasi-static mode are also
represented (large pink stars). These measurements were
performed using a cantilever ten times softer (vertical stiffness

0.364 N m!1) and vibrating the substrate at low frequency
(1 Hz) with an amplitude of 1.5 mm. The values of the
quasistatic friction coefficients and their evolution with the
load are comparable to what is obtained in dynamic mode.
However, these quasistatic measurements can hardly lead to
reliable quantitative results because they require a rather long
duration of experiment during which the normal force is likely
to vary due to the drift in time of the photodiode response.
This issue may probably explain why the friction coefficient
measured for the largest of the applied normal force -and which
in the experiment was the last measurement- deviates from the
general trend of the variation of m with Fn (see Fig. 7).
Furthermore, as seen before, the friction coefficient measured
for such small contact forces is essentially a statistical quantity
since the result of the measurement depends on the local
geometry of the asperities at contact. Therefore, in order to
obtain a reliable average m value, a large number of
measurements are necessary. For these reasons, we decided
to use the measurements made in quasistatic mode only to
validate the dynamic measurements.

Fig. 7 shows unambiguously that the inter-particle friction
coefficient decreases with the load, contrarily to what is
expected for macroscopic bodies whose friction is determined
by a constant friction coefficient. Such a load-dependent
friction coefficient has been described by Brizmer et al.32 who
considered the contact between a perfectly smooth sphere and
a flat. The resulting friction coefficient is given by:

m ¼ 0:27 coth 0:27
Fn

Lc

! "0:35
 !

(11)

This expression accounts for the transition from elastic
deformation of the sphere (L o Lc) to plastic deformation
(L 4 Lc). In the elastic deformation regime, the Hertz contact
law is approximately recovered. In this regime, the contact area
varies as Fn

2/3 and, since the tangential force is proportional to
the contact area, the friction coefficient decreases as Fn

!1/3.
Eqn (11) leads to mp Fn

!0.35 in this regime, which is consistent.
In the plastic regime, the friction coefficient levels off at the
value 0.27. Lc is a function of the Young modulus, Poisson ratio
and Yield stress of the material, and of the contacting sphere
radius as well.32 Coming back to the case of the microspheres
whose friction coefficient is measured here, it is likely that, given
the magnitude of the normal forces involved in the AFM
experiment, the particles come into contact through only one
or a few asperities present on their surface.‡ These correspond to
the smooth sphere of the model of Brizmer et al., which

Fig. 7 The measured friction coefficient for six different particle pairs,
different frequencies (25, 50 and 100 Hz) and different lateral displacement
amplitudes (ranging from 600 to 2000 nm) is depicted against the normal
force. The pink stars correspond to quasi-static measurements (frequency
1 Hz, amplitude 1500 nm). The orange line is the mean friction coefficient
averaged over all the realizations.

Fig. 8 Variation of the friction coefficient with normal load. The blue
squares correspond to the average of all the measurements shown in Fig. 7
and obtained for different particle pairs, amplitudes and frequencies. The
orange line is the result of the data fitting with eqn (12) which gives the
following fitting parameters: Lc = 33.2 nN and n = 0.54. For the sake of
comparison the original result of Brizmer et al.32 is also shown (dashed
green line).

‡ The relevance of considering a single asperity contact is extensively discussed in
ref. 25 but a quick argument can be provided by evaluating the roughness
deformation due to contact. According to Hertz theory, the typical deformation
of an asperity is given by: !d ¼ Fn= 0:75E#

ffiffiffiffi
rc
p$ %$ %2=3 where rc E 100 nm is the

radius of curvature of an asperity and E* = E(1 ! n2) with E E 3 GPa, the Young
modulus of polystyrene and n E 0.4, the Poisson’s ratio. Taking for Fn the
maximum force involved in the present study: Fn E 1 mN, we obtain !d E 10 nm.
Thus the typical asperity indentation is much smaller than the roughness height
which justifies that the contact between particles involves only one or a few
asperities.
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2.3 Shear Thinning
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2.4 Roughness and Friction
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Fig. 1. Fabrication and characterization of smooth (SM) and rough (RB) particles. (A) Schematics of the fabrication of raspberry-like silica particles. (B–G)
SEM images of (B) SM, (C) RB 0.25, (D) RB 0.31, (E) RB 0.36, (F) RB 0.45, and (G) RB 0.53. (Scale bars, 500 nm.) The numbers represent the value of h/d for
each batch. (H, I–III) AFM image of a rough particle monolayer (I), 3D surface topography image of a single rough particle (II), and contour plot of the
central region of the flattened surface of the same particle (III). (Scale bars: I, 500 nm; II and III, 100 nm.) The red circles identify the center of asperities and
the red lines show the distance between asperities. (H, IV) Schematic definition of the roughness parameter h/d.

shown in Fig. 1H. We synthesize a library of raspberry-like
silica particles with ⇡0< h/d < 0.53, covering a broad roughness
range from the smooth cores to the roughest raspberry. Hereon,
the smooth cores are named “SM” and the raspberry-like par-
ticles “RB h/d”, where h/d is the value of the dimensionless
roughness parameter for each batch. (See SI Materials and

Methods for further details.)
We first quantify the role of surface roughness on the max-

imum packing fraction �m of the particles in a sedimenta-
tion/compressive rheology test. This quantity represents the limit
at which the suspension can be processed, i.e., the volume frac-
tion for which the suspension jams at vanishingly small rates.
Our previous work showed that �m is directly correlated to the
interparticle friction coefficient (23). As opposed to the case
of non-Brownian particles, �m can slowly evolve with time due
to the combined effects of thermal fluctuations and sedimenta-
tion (more details in SI Materials and Methods and Fig. S1). �m

can be estimated by measuring the height of the sediment start-
ing from a dilute suspension of known solid loading (Fig. 2A).
Fig. 2B shows that the sediment height increases with the ini-
tial volume fraction, as expected. Rougher colloids present �m

values that are clearly lower than those of smooth colloids (Fig.
2C). This indicates that rougher particles, i.e., with higher h/d
values, jam earlier during sedimentation and, as a result, the
sediment is looser. Remarkably, particles with h/d = 0.53 jam
under centrifugation for solid loadings as low as 44.5%, indi-
cating that roughness has a dramatic impact on DST and can
be very effectively used to engineer the suspension’s rheological
response.

In fact, smooth colloids (SM, Fig. 2D) start to display CST
for �> 51% and exhibit DST behavior only at �= 58%, which
is very close to their measured �m of 59.2%. The first normal
stress difference N1 remains negative between 48% and 58%

during CST, while it switches sign at the onset of DST, which is
characteristic of frictional dilatant flows. Rough colloids, on the
other hand, show a qualitatively different behavior. Raspberry-
like particles with h/d = 0.53 do not show any appreciable CST,
but immediately discontinuously thicken, even for values of � sig-
nificantly lower than their �m (Fig. 2E), and the onset of DST
shifts to lower �̇ with increasing �. It is also worth noting that
the critical rate varies over almost two decades, compared with
a much narrower window for the smooth colloids. Correspond-
ingly, the viscosity increase is always associated with a positive
N1, indicating that DST in our experiments is always associated
with dilation-inducing interparticle contacts, as opposed to cases
dominated by hydrodynamics, where large viscosity jumps occur
for negative N1 (29). Moreover, Fig. 2F shows that, at the same
solid loading of � = 48%, rough colloids with different rough-
nesses exhibit DST, while smooth colloids do not thicken at all.
The critical DST shear rate depends on the distance from �m :
The closer � is to �m , the lower the observed critical shear rate.
Interestingly, an analogous trend of the suspensions’ nonlinear
response with volume fraction and surface roughness is observed
in the ball-impact tests displayed in Movies S1–S8 (SI Materials

and Methods). Even though the deformation here is more com-
plex (30) than in the pure shear experiments, the link between
shear rheology and impact absorption has already been exploited
in applications (4).

To account for these rheological observations, we turn to
studying microscopic particle-to-particle contacts. These mea-
surements are carried out by means of lateral force microscopy
(LFM), where smooth and rough colloids are attached onto tip-
less cantilevers (Fig. S3) and scanned over planar substrates of
varying roughness (roughness gradients), as shown in Fig. 3 A

and B (see SI Materials and Methods for further details). The
substrates are produced by a process analogous to the synthesis

5118 | www.pnas.org/cgi/doi/10.1073/pnas.1801066115 Hsu et al.
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Controlling colloidal roughness

Hsu, C. P., Ramakrishna, S. N., Zanini, M., Spencer, N. D., & Isa, L. (2018). Roughness-dependent tribology effects
on discontinuous shear thickening. Proceedings of the National Academy of Sciences, 115(20), 5117-5122.
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Fig. 1. Fabrication and characterization of smooth (SM) and rough (RB) particles. (A) Schematics of the fabrication of raspberry-like silica particles. (B–G)
SEM images of (B) SM, (C) RB 0.25, (D) RB 0.31, (E) RB 0.36, (F) RB 0.45, and (G) RB 0.53. (Scale bars, 500 nm.) The numbers represent the value of h/d for
each batch. (H, I–III) AFM image of a rough particle monolayer (I), 3D surface topography image of a single rough particle (II), and contour plot of the
central region of the flattened surface of the same particle (III). (Scale bars: I, 500 nm; II and III, 100 nm.) The red circles identify the center of asperities and
the red lines show the distance between asperities. (H, IV) Schematic definition of the roughness parameter h/d.

shown in Fig. 1H. We synthesize a library of raspberry-like
silica particles with ⇡0< h/d < 0.53, covering a broad roughness
range from the smooth cores to the roughest raspberry. Hereon,
the smooth cores are named “SM” and the raspberry-like par-
ticles “RB h/d”, where h/d is the value of the dimensionless
roughness parameter for each batch. (See SI Materials and

Methods for further details.)
We first quantify the role of surface roughness on the max-

imum packing fraction �m of the particles in a sedimenta-
tion/compressive rheology test. This quantity represents the limit
at which the suspension can be processed, i.e., the volume frac-
tion for which the suspension jams at vanishingly small rates.
Our previous work showed that �m is directly correlated to the
interparticle friction coefficient (23). As opposed to the case
of non-Brownian particles, �m can slowly evolve with time due
to the combined effects of thermal fluctuations and sedimenta-
tion (more details in SI Materials and Methods and Fig. S1). �m

can be estimated by measuring the height of the sediment start-
ing from a dilute suspension of known solid loading (Fig. 2A).
Fig. 2B shows that the sediment height increases with the ini-
tial volume fraction, as expected. Rougher colloids present �m

values that are clearly lower than those of smooth colloids (Fig.
2C). This indicates that rougher particles, i.e., with higher h/d
values, jam earlier during sedimentation and, as a result, the
sediment is looser. Remarkably, particles with h/d = 0.53 jam
under centrifugation for solid loadings as low as 44.5%, indi-
cating that roughness has a dramatic impact on DST and can
be very effectively used to engineer the suspension’s rheological
response.

In fact, smooth colloids (SM, Fig. 2D) start to display CST
for �> 51% and exhibit DST behavior only at �= 58%, which
is very close to their measured �m of 59.2%. The first normal
stress difference N1 remains negative between 48% and 58%

during CST, while it switches sign at the onset of DST, which is
characteristic of frictional dilatant flows. Rough colloids, on the
other hand, show a qualitatively different behavior. Raspberry-
like particles with h/d = 0.53 do not show any appreciable CST,
but immediately discontinuously thicken, even for values of � sig-
nificantly lower than their �m (Fig. 2E), and the onset of DST
shifts to lower �̇ with increasing �. It is also worth noting that
the critical rate varies over almost two decades, compared with
a much narrower window for the smooth colloids. Correspond-
ingly, the viscosity increase is always associated with a positive
N1, indicating that DST in our experiments is always associated
with dilation-inducing interparticle contacts, as opposed to cases
dominated by hydrodynamics, where large viscosity jumps occur
for negative N1 (29). Moreover, Fig. 2F shows that, at the same
solid loading of � = 48%, rough colloids with different rough-
nesses exhibit DST, while smooth colloids do not thicken at all.
The critical DST shear rate depends on the distance from �m :
The closer � is to �m , the lower the observed critical shear rate.
Interestingly, an analogous trend of the suspensions’ nonlinear
response with volume fraction and surface roughness is observed
in the ball-impact tests displayed in Movies S1–S8 (SI Materials

and Methods). Even though the deformation here is more com-
plex (30) than in the pure shear experiments, the link between
shear rheology and impact absorption has already been exploited
in applications (4).

To account for these rheological observations, we turn to
studying microscopic particle-to-particle contacts. These mea-
surements are carried out by means of lateral force microscopy
(LFM), where smooth and rough colloids are attached onto tip-
less cantilevers (Fig. S3) and scanned over planar substrates of
varying roughness (roughness gradients), as shown in Fig. 3 A

and B (see SI Materials and Methods for further details). The
substrates are produced by a process analogous to the synthesis

5118 | www.pnas.org/cgi/doi/10.1073/pnas.1801066115 Hsu et al.
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Fig. 2. Results of compressive- and shear-rheology experiments. (A) Schematics of the centrifugation experiments. H is the height of the sediment and
L is the length of the capillary. (B) Images of particle suspensions (SM) after centrifugation. The initial volume fraction �i increases from 5.7% (left) to
51.6% (right). (Scale bar, 5 mm.) (C) �m of the colloidal suspensions with different surface roughness expressed in terms of h/d. (D) Flow curves (Top) and
N1 (Bottom) of smooth colloids SM (•) at different � (48–58%). (E) Rough colloids RB 0.53 (F) at different � (36–44%). (F) smooth colloids SM (•), rough
colloids RB 0.45 (H), rough colloids RB 0.36 (N), rough colloids RB 0.31 (⌥), and rough colloids RB 0.25 (⌅) at � = 48%.

of the rough colloids, to provide representative, realistic coun-
tersurfaces (SI Materials and Methods and Fig. S2). The LFM
results from sliding an RB 0.53 probe over a roughness gradi-
ent with 22-nm-high asperities are shown in Fig. 3C. (See Figs.
S4–S7 for the friction results of all other particles.) Starting
from the smooth end of the sample (Fig. 3C, rightmost curve,
magenta), we observe a very narrow friction loop, i.e., a small
difference in the lateral force signals between trace and retrace
of the same scan on the substrate, indicative of a low friction
coefficient. As soon as the area density of asperities increases,
distinctive spikes arise in the friction-loop scans (Fig. 3C, cyan
curve). These are typical of stick–slip frictional behavior. Dur-
ing scanning, when the probe meets an asperity, the lateral force
increases steeply as the probe becomes locally stuck and then
rapidly slides as the asperity is overcome. The frequency of the

stick–slip events increases with increasing roughness (Fig. 3C,
from right to left), which corresponds to higher dissipation dur-
ing scanning and hence to an increase in the friction coefficient
µ (Fig. 3D). We remark here that we measure “effective” fric-
tion coefficients, which already take into account the geometry
of the contact, with interlocking asperities. The Amontons-type
relation, Ffriction =µ ·Fload , holds very well in our experiments,
as shown in Fig. 3D. The nature of the frictional interactions
between rough surfaces also motivates our choice to describe sur-
face roughness by the parameter h/d , since the stick–slip events
are determined by the asperities’ amplitude and periodicity (31),
which are also the parameters we tune in the fabrication of our
colloids.

Interestingly, smooth and rough probes sliding on surfaces
with increasing h/d roughness give rise to different frictional

Hsu et al. PNAS | May 15, 2018 | vol. 115 | no. 20 | 5119
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Fig. 1. Fabrication and characterization of smooth (SM) and rough (RB) particles. (A) Schematics of the fabrication of raspberry-like silica particles. (B–G)
SEM images of (B) SM, (C) RB 0.25, (D) RB 0.31, (E) RB 0.36, (F) RB 0.45, and (G) RB 0.53. (Scale bars, 500 nm.) The numbers represent the value of h/d for
each batch. (H, I–III) AFM image of a rough particle monolayer (I), 3D surface topography image of a single rough particle (II), and contour plot of the
central region of the flattened surface of the same particle (III). (Scale bars: I, 500 nm; II and III, 100 nm.) The red circles identify the center of asperities and
the red lines show the distance between asperities. (H, IV) Schematic definition of the roughness parameter h/d.

shown in Fig. 1H. We synthesize a library of raspberry-like
silica particles with ⇡0< h/d < 0.53, covering a broad roughness
range from the smooth cores to the roughest raspberry. Hereon,
the smooth cores are named “SM” and the raspberry-like par-
ticles “RB h/d”, where h/d is the value of the dimensionless
roughness parameter for each batch. (See SI Materials and

Methods for further details.)
We first quantify the role of surface roughness on the max-

imum packing fraction �m of the particles in a sedimenta-
tion/compressive rheology test. This quantity represents the limit
at which the suspension can be processed, i.e., the volume frac-
tion for which the suspension jams at vanishingly small rates.
Our previous work showed that �m is directly correlated to the
interparticle friction coefficient (23). As opposed to the case
of non-Brownian particles, �m can slowly evolve with time due
to the combined effects of thermal fluctuations and sedimenta-
tion (more details in SI Materials and Methods and Fig. S1). �m

can be estimated by measuring the height of the sediment start-
ing from a dilute suspension of known solid loading (Fig. 2A).
Fig. 2B shows that the sediment height increases with the ini-
tial volume fraction, as expected. Rougher colloids present �m

values that are clearly lower than those of smooth colloids (Fig.
2C). This indicates that rougher particles, i.e., with higher h/d
values, jam earlier during sedimentation and, as a result, the
sediment is looser. Remarkably, particles with h/d = 0.53 jam
under centrifugation for solid loadings as low as 44.5%, indi-
cating that roughness has a dramatic impact on DST and can
be very effectively used to engineer the suspension’s rheological
response.

In fact, smooth colloids (SM, Fig. 2D) start to display CST
for �> 51% and exhibit DST behavior only at �= 58%, which
is very close to their measured �m of 59.2%. The first normal
stress difference N1 remains negative between 48% and 58%

during CST, while it switches sign at the onset of DST, which is
characteristic of frictional dilatant flows. Rough colloids, on the
other hand, show a qualitatively different behavior. Raspberry-
like particles with h/d = 0.53 do not show any appreciable CST,
but immediately discontinuously thicken, even for values of � sig-
nificantly lower than their �m (Fig. 2E), and the onset of DST
shifts to lower �̇ with increasing �. It is also worth noting that
the critical rate varies over almost two decades, compared with
a much narrower window for the smooth colloids. Correspond-
ingly, the viscosity increase is always associated with a positive
N1, indicating that DST in our experiments is always associated
with dilation-inducing interparticle contacts, as opposed to cases
dominated by hydrodynamics, where large viscosity jumps occur
for negative N1 (29). Moreover, Fig. 2F shows that, at the same
solid loading of � = 48%, rough colloids with different rough-
nesses exhibit DST, while smooth colloids do not thicken at all.
The critical DST shear rate depends on the distance from �m :
The closer � is to �m , the lower the observed critical shear rate.
Interestingly, an analogous trend of the suspensions’ nonlinear
response with volume fraction and surface roughness is observed
in the ball-impact tests displayed in Movies S1–S8 (SI Materials

and Methods). Even though the deformation here is more com-
plex (30) than in the pure shear experiments, the link between
shear rheology and impact absorption has already been exploited
in applications (4).

To account for these rheological observations, we turn to
studying microscopic particle-to-particle contacts. These mea-
surements are carried out by means of lateral force microscopy
(LFM), where smooth and rough colloids are attached onto tip-
less cantilevers (Fig. S3) and scanned over planar substrates of
varying roughness (roughness gradients), as shown in Fig. 3 A

and B (see SI Materials and Methods for further details). The
substrates are produced by a process analogous to the synthesis

5118 | www.pnas.org/cgi/doi/10.1073/pnas.1801066115 Hsu et al.
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2.4 Roughness and Friction
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Fig. 1. Fabrication and characterization of smooth (SM) and rough (RB) particles. (A) Schematics of the fabrication of raspberry-like silica particles. (B–G)
SEM images of (B) SM, (C) RB 0.25, (D) RB 0.31, (E) RB 0.36, (F) RB 0.45, and (G) RB 0.53. (Scale bars, 500 nm.) The numbers represent the value of h/d for
each batch. (H, I–III) AFM image of a rough particle monolayer (I), 3D surface topography image of a single rough particle (II), and contour plot of the
central region of the flattened surface of the same particle (III). (Scale bars: I, 500 nm; II and III, 100 nm.) The red circles identify the center of asperities and
the red lines show the distance between asperities. (H, IV) Schematic definition of the roughness parameter h/d.

shown in Fig. 1H. We synthesize a library of raspberry-like
silica particles with ⇡0< h/d < 0.53, covering a broad roughness
range from the smooth cores to the roughest raspberry. Hereon,
the smooth cores are named “SM” and the raspberry-like par-
ticles “RB h/d”, where h/d is the value of the dimensionless
roughness parameter for each batch. (See SI Materials and

Methods for further details.)
We first quantify the role of surface roughness on the max-

imum packing fraction �m of the particles in a sedimenta-
tion/compressive rheology test. This quantity represents the limit
at which the suspension can be processed, i.e., the volume frac-
tion for which the suspension jams at vanishingly small rates.
Our previous work showed that �m is directly correlated to the
interparticle friction coefficient (23). As opposed to the case
of non-Brownian particles, �m can slowly evolve with time due
to the combined effects of thermal fluctuations and sedimenta-
tion (more details in SI Materials and Methods and Fig. S1). �m

can be estimated by measuring the height of the sediment start-
ing from a dilute suspension of known solid loading (Fig. 2A).
Fig. 2B shows that the sediment height increases with the ini-
tial volume fraction, as expected. Rougher colloids present �m

values that are clearly lower than those of smooth colloids (Fig.
2C). This indicates that rougher particles, i.e., with higher h/d
values, jam earlier during sedimentation and, as a result, the
sediment is looser. Remarkably, particles with h/d = 0.53 jam
under centrifugation for solid loadings as low as 44.5%, indi-
cating that roughness has a dramatic impact on DST and can
be very effectively used to engineer the suspension’s rheological
response.

In fact, smooth colloids (SM, Fig. 2D) start to display CST
for �> 51% and exhibit DST behavior only at �= 58%, which
is very close to their measured �m of 59.2%. The first normal
stress difference N1 remains negative between 48% and 58%

during CST, while it switches sign at the onset of DST, which is
characteristic of frictional dilatant flows. Rough colloids, on the
other hand, show a qualitatively different behavior. Raspberry-
like particles with h/d = 0.53 do not show any appreciable CST,
but immediately discontinuously thicken, even for values of � sig-
nificantly lower than their �m (Fig. 2E), and the onset of DST
shifts to lower �̇ with increasing �. It is also worth noting that
the critical rate varies over almost two decades, compared with
a much narrower window for the smooth colloids. Correspond-
ingly, the viscosity increase is always associated with a positive
N1, indicating that DST in our experiments is always associated
with dilation-inducing interparticle contacts, as opposed to cases
dominated by hydrodynamics, where large viscosity jumps occur
for negative N1 (29). Moreover, Fig. 2F shows that, at the same
solid loading of � = 48%, rough colloids with different rough-
nesses exhibit DST, while smooth colloids do not thicken at all.
The critical DST shear rate depends on the distance from �m :
The closer � is to �m , the lower the observed critical shear rate.
Interestingly, an analogous trend of the suspensions’ nonlinear
response with volume fraction and surface roughness is observed
in the ball-impact tests displayed in Movies S1–S8 (SI Materials

and Methods). Even though the deformation here is more com-
plex (30) than in the pure shear experiments, the link between
shear rheology and impact absorption has already been exploited
in applications (4).

To account for these rheological observations, we turn to
studying microscopic particle-to-particle contacts. These mea-
surements are carried out by means of lateral force microscopy
(LFM), where smooth and rough colloids are attached onto tip-
less cantilevers (Fig. S3) and scanned over planar substrates of
varying roughness (roughness gradients), as shown in Fig. 3 A

and B (see SI Materials and Methods for further details). The
substrates are produced by a process analogous to the synthesis

5118 | www.pnas.org/cgi/doi/10.1073/pnas.1801066115 Hsu et al.

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.o
rg

 b
y 

ES
PC

I P
ar

is
Te

ch
 o

n 
Se

pt
em

be
r 1

8,
 2

02
4 

fr
om

 IP
 a

dd
re

ss
 1

93
.5

4.
85

.4
3.

raspberry-like colloids
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Controlling colloidal roughness

500 nm
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Fig. 1. Fabrication and characterization of smooth (SM) and rough (RB) particles. (A) Schematics of the fabrication of raspberry-like silica particles. (B–G)
SEM images of (B) SM, (C) RB 0.25, (D) RB 0.31, (E) RB 0.36, (F) RB 0.45, and (G) RB 0.53. (Scale bars, 500 nm.) The numbers represent the value of h/d for
each batch. (H, I–III) AFM image of a rough particle monolayer (I), 3D surface topography image of a single rough particle (II), and contour plot of the
central region of the flattened surface of the same particle (III). (Scale bars: I, 500 nm; II and III, 100 nm.) The red circles identify the center of asperities and
the red lines show the distance between asperities. (H, IV) Schematic definition of the roughness parameter h/d.

shown in Fig. 1H. We synthesize a library of raspberry-like
silica particles with ⇡0< h/d < 0.53, covering a broad roughness
range from the smooth cores to the roughest raspberry. Hereon,
the smooth cores are named “SM” and the raspberry-like par-
ticles “RB h/d”, where h/d is the value of the dimensionless
roughness parameter for each batch. (See SI Materials and

Methods for further details.)
We first quantify the role of surface roughness on the max-

imum packing fraction �m of the particles in a sedimenta-
tion/compressive rheology test. This quantity represents the limit
at which the suspension can be processed, i.e., the volume frac-
tion for which the suspension jams at vanishingly small rates.
Our previous work showed that �m is directly correlated to the
interparticle friction coefficient (23). As opposed to the case
of non-Brownian particles, �m can slowly evolve with time due
to the combined effects of thermal fluctuations and sedimenta-
tion (more details in SI Materials and Methods and Fig. S1). �m

can be estimated by measuring the height of the sediment start-
ing from a dilute suspension of known solid loading (Fig. 2A).
Fig. 2B shows that the sediment height increases with the ini-
tial volume fraction, as expected. Rougher colloids present �m

values that are clearly lower than those of smooth colloids (Fig.
2C). This indicates that rougher particles, i.e., with higher h/d
values, jam earlier during sedimentation and, as a result, the
sediment is looser. Remarkably, particles with h/d = 0.53 jam
under centrifugation for solid loadings as low as 44.5%, indi-
cating that roughness has a dramatic impact on DST and can
be very effectively used to engineer the suspension’s rheological
response.

In fact, smooth colloids (SM, Fig. 2D) start to display CST
for �> 51% and exhibit DST behavior only at �= 58%, which
is very close to their measured �m of 59.2%. The first normal
stress difference N1 remains negative between 48% and 58%

during CST, while it switches sign at the onset of DST, which is
characteristic of frictional dilatant flows. Rough colloids, on the
other hand, show a qualitatively different behavior. Raspberry-
like particles with h/d = 0.53 do not show any appreciable CST,
but immediately discontinuously thicken, even for values of � sig-
nificantly lower than their �m (Fig. 2E), and the onset of DST
shifts to lower �̇ with increasing �. It is also worth noting that
the critical rate varies over almost two decades, compared with
a much narrower window for the smooth colloids. Correspond-
ingly, the viscosity increase is always associated with a positive
N1, indicating that DST in our experiments is always associated
with dilation-inducing interparticle contacts, as opposed to cases
dominated by hydrodynamics, where large viscosity jumps occur
for negative N1 (29). Moreover, Fig. 2F shows that, at the same
solid loading of � = 48%, rough colloids with different rough-
nesses exhibit DST, while smooth colloids do not thicken at all.
The critical DST shear rate depends on the distance from �m :
The closer � is to �m , the lower the observed critical shear rate.
Interestingly, an analogous trend of the suspensions’ nonlinear
response with volume fraction and surface roughness is observed
in the ball-impact tests displayed in Movies S1–S8 (SI Materials

and Methods). Even though the deformation here is more com-
plex (30) than in the pure shear experiments, the link between
shear rheology and impact absorption has already been exploited
in applications (4).

To account for these rheological observations, we turn to
studying microscopic particle-to-particle contacts. These mea-
surements are carried out by means of lateral force microscopy
(LFM), where smooth and rough colloids are attached onto tip-
less cantilevers (Fig. S3) and scanned over planar substrates of
varying roughness (roughness gradients), as shown in Fig. 3 A

and B (see SI Materials and Methods for further details). The
substrates are produced by a process analogous to the synthesis
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Fig. 1. Fabrication and characterization of smooth (SM) and rough (RB) particles. (A) Schematics of the fabrication of raspberry-like silica particles. (B–G)
SEM images of (B) SM, (C) RB 0.25, (D) RB 0.31, (E) RB 0.36, (F) RB 0.45, and (G) RB 0.53. (Scale bars, 500 nm.) The numbers represent the value of h/d for
each batch. (H, I–III) AFM image of a rough particle monolayer (I), 3D surface topography image of a single rough particle (II), and contour plot of the
central region of the flattened surface of the same particle (III). (Scale bars: I, 500 nm; II and III, 100 nm.) The red circles identify the center of asperities and
the red lines show the distance between asperities. (H, IV) Schematic definition of the roughness parameter h/d.

shown in Fig. 1H. We synthesize a library of raspberry-like
silica particles with ⇡0< h/d < 0.53, covering a broad roughness
range from the smooth cores to the roughest raspberry. Hereon,
the smooth cores are named “SM” and the raspberry-like par-
ticles “RB h/d”, where h/d is the value of the dimensionless
roughness parameter for each batch. (See SI Materials and

Methods for further details.)
We first quantify the role of surface roughness on the max-

imum packing fraction �m of the particles in a sedimenta-
tion/compressive rheology test. This quantity represents the limit
at which the suspension can be processed, i.e., the volume frac-
tion for which the suspension jams at vanishingly small rates.
Our previous work showed that �m is directly correlated to the
interparticle friction coefficient (23). As opposed to the case
of non-Brownian particles, �m can slowly evolve with time due
to the combined effects of thermal fluctuations and sedimenta-
tion (more details in SI Materials and Methods and Fig. S1). �m

can be estimated by measuring the height of the sediment start-
ing from a dilute suspension of known solid loading (Fig. 2A).
Fig. 2B shows that the sediment height increases with the ini-
tial volume fraction, as expected. Rougher colloids present �m

values that are clearly lower than those of smooth colloids (Fig.
2C). This indicates that rougher particles, i.e., with higher h/d
values, jam earlier during sedimentation and, as a result, the
sediment is looser. Remarkably, particles with h/d = 0.53 jam
under centrifugation for solid loadings as low as 44.5%, indi-
cating that roughness has a dramatic impact on DST and can
be very effectively used to engineer the suspension’s rheological
response.

In fact, smooth colloids (SM, Fig. 2D) start to display CST
for �> 51% and exhibit DST behavior only at �= 58%, which
is very close to their measured �m of 59.2%. The first normal
stress difference N1 remains negative between 48% and 58%

during CST, while it switches sign at the onset of DST, which is
characteristic of frictional dilatant flows. Rough colloids, on the
other hand, show a qualitatively different behavior. Raspberry-
like particles with h/d = 0.53 do not show any appreciable CST,
but immediately discontinuously thicken, even for values of � sig-
nificantly lower than their �m (Fig. 2E), and the onset of DST
shifts to lower �̇ with increasing �. It is also worth noting that
the critical rate varies over almost two decades, compared with
a much narrower window for the smooth colloids. Correspond-
ingly, the viscosity increase is always associated with a positive
N1, indicating that DST in our experiments is always associated
with dilation-inducing interparticle contacts, as opposed to cases
dominated by hydrodynamics, where large viscosity jumps occur
for negative N1 (29). Moreover, Fig. 2F shows that, at the same
solid loading of � = 48%, rough colloids with different rough-
nesses exhibit DST, while smooth colloids do not thicken at all.
The critical DST shear rate depends on the distance from �m :
The closer � is to �m , the lower the observed critical shear rate.
Interestingly, an analogous trend of the suspensions’ nonlinear
response with volume fraction and surface roughness is observed
in the ball-impact tests displayed in Movies S1–S8 (SI Materials

and Methods). Even though the deformation here is more com-
plex (30) than in the pure shear experiments, the link between
shear rheology and impact absorption has already been exploited
in applications (4).

To account for these rheological observations, we turn to
studying microscopic particle-to-particle contacts. These mea-
surements are carried out by means of lateral force microscopy
(LFM), where smooth and rough colloids are attached onto tip-
less cantilevers (Fig. S3) and scanned over planar substrates of
varying roughness (roughness gradients), as shown in Fig. 3 A

and B (see SI Materials and Methods for further details). The
substrates are produced by a process analogous to the synthesis
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Roughness affects friction
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B

Fig. 3. Friction measurements on model rough substrates. (A) Schematics of a smooth probe on a rough sample and SEM image of a smooth colloidal probe.
(Scale bar, 500 nm.) (B) Schematics of a rough probe on a rough sample and SEM image of an RB 0.53 colloidal probe. (Scale bar, 500 nm.) (C, Top) RB 0.53
probe scanning at different locations on a 22-nm rough gradient substrate. (C, Bottom) Friction loops at 60 nN applied load for various h/d roughness
on the substrate (h/d = 0.53, black; h/d = 0.39, red; h/d = 0.35, green; h/d = 0.29, blue; h/d = 0.23, cyan; h/d ⇡ 0, magenta). (Scale bar, 200 nm.) (D)
Determination of µ from the measured friction forces as a function of applied load using the relation Ffriction =µ · Fload . (E) µ vs. h/d for a smooth probe
(blue) and rough probes (red) on surfaces with various asperity size [12 nm (•) for RB 0.45, 22 nm (⌅) for RB 0.53, 39 nm (⌥) for RB 0.36, and 39 nm and
12 nm (N) for RB 0.31 and smooth and (H) for RB 0.25]. (E, Top Inset) Schematics of a smooth probe on a rough sample. (E, Bottom Inset) Schematics of a
rough probe on a rough sample. (F) Correlation between µ and normalized packing fraction (�RCP = 0.64). (F, Insets) Schematics of smooth particles sliding
(Right) and rough particles interlocking (Left) under shear.

dissipations (Fig. 3E). Generally, µ increases with surface rough-
ness, but in a low-roughness regime (h/d < 0.3), there are fewer
asperities on the substrate and µ is mainly determined by the
contact area of the two sliding surfaces rather than by stick–slip
events. Rough probes contact the substrate via the asperities on
their surfaces, resulting in smaller contact area and hence lower
µ compared with smooth probes. In particular, the values of
friction coefficients measured between smooth silica probes and
silica substrates are in agreement with literature values measured
under similar conditions (32). Conversely, in a high-roughness

regime (h/d > 0.3), the density of asperities on the surface
increases, so that stick–slip events are the main contribution to
friction forces. The asperities on raspberry-like particles inter-
lock with the asperities on the substrates, leading to higher µ
values than those measured for smooth particles. Fig. 3E ulti-
mately shows that there is a direct correlation between surface
roughness and friction coefficient, which uniquely depends on
h/d of the two surfaces.

The unique dependence of both µ and �m on h/d makes
it possible to obtain a direct relation between the first two
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Fig. 3. Friction measurements on model rough substrates. (A) Schematics of a smooth probe on a rough sample and SEM image of a smooth colloidal probe.
(Scale bar, 500 nm.) (B) Schematics of a rough probe on a rough sample and SEM image of an RB 0.53 colloidal probe. (Scale bar, 500 nm.) (C, Top) RB 0.53
probe scanning at different locations on a 22-nm rough gradient substrate. (C, Bottom) Friction loops at 60 nN applied load for various h/d roughness
on the substrate (h/d = 0.53, black; h/d = 0.39, red; h/d = 0.35, green; h/d = 0.29, blue; h/d = 0.23, cyan; h/d ⇡ 0, magenta). (Scale bar, 200 nm.) (D)
Determination of µ from the measured friction forces as a function of applied load using the relation Ffriction =µ · Fload . (E) µ vs. h/d for a smooth probe
(blue) and rough probes (red) on surfaces with various asperity size [12 nm (•) for RB 0.45, 22 nm (⌅) for RB 0.53, 39 nm (⌥) for RB 0.36, and 39 nm and
12 nm (N) for RB 0.31 and smooth and (H) for RB 0.25]. (E, Top Inset) Schematics of a smooth probe on a rough sample. (E, Bottom Inset) Schematics of a
rough probe on a rough sample. (F) Correlation between µ and normalized packing fraction (�RCP = 0.64). (F, Insets) Schematics of smooth particles sliding
(Right) and rough particles interlocking (Left) under shear.

dissipations (Fig. 3E). Generally, µ increases with surface rough-
ness, but in a low-roughness regime (h/d < 0.3), there are fewer
asperities on the substrate and µ is mainly determined by the
contact area of the two sliding surfaces rather than by stick–slip
events. Rough probes contact the substrate via the asperities on
their surfaces, resulting in smaller contact area and hence lower
µ compared with smooth probes. In particular, the values of
friction coefficients measured between smooth silica probes and
silica substrates are in agreement with literature values measured
under similar conditions (32). Conversely, in a high-roughness

regime (h/d > 0.3), the density of asperities on the surface
increases, so that stick–slip events are the main contribution to
friction forces. The asperities on raspberry-like particles inter-
lock with the asperities on the substrates, leading to higher µ
values than those measured for smooth particles. Fig. 3E ulti-
mately shows that there is a direct correlation between surface
roughness and friction coefficient, which uniquely depends on
h/d of the two surfaces.

The unique dependence of both µ and �m on h/d makes
it possible to obtain a direct relation between the first two
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Fig. 3. Friction measurements on model rough substrates. (A) Schematics of a smooth probe on a rough sample and SEM image of a smooth colloidal probe.
(Scale bar, 500 nm.) (B) Schematics of a rough probe on a rough sample and SEM image of an RB 0.53 colloidal probe. (Scale bar, 500 nm.) (C, Top) RB 0.53
probe scanning at different locations on a 22-nm rough gradient substrate. (C, Bottom) Friction loops at 60 nN applied load for various h/d roughness
on the substrate (h/d = 0.53, black; h/d = 0.39, red; h/d = 0.35, green; h/d = 0.29, blue; h/d = 0.23, cyan; h/d ⇡ 0, magenta). (Scale bar, 200 nm.) (D)
Determination of µ from the measured friction forces as a function of applied load using the relation Ffriction =µ · Fload . (E) µ vs. h/d for a smooth probe
(blue) and rough probes (red) on surfaces with various asperity size [12 nm (•) for RB 0.45, 22 nm (⌅) for RB 0.53, 39 nm (⌥) for RB 0.36, and 39 nm and
12 nm (N) for RB 0.31 and smooth and (H) for RB 0.25]. (E, Top Inset) Schematics of a smooth probe on a rough sample. (E, Bottom Inset) Schematics of a
rough probe on a rough sample. (F) Correlation between µ and normalized packing fraction (�RCP = 0.64). (F, Insets) Schematics of smooth particles sliding
(Right) and rough particles interlocking (Left) under shear.

dissipations (Fig. 3E). Generally, µ increases with surface rough-
ness, but in a low-roughness regime (h/d < 0.3), there are fewer
asperities on the substrate and µ is mainly determined by the
contact area of the two sliding surfaces rather than by stick–slip
events. Rough probes contact the substrate via the asperities on
their surfaces, resulting in smaller contact area and hence lower
µ compared with smooth probes. In particular, the values of
friction coefficients measured between smooth silica probes and
silica substrates are in agreement with literature values measured
under similar conditions (32). Conversely, in a high-roughness

regime (h/d > 0.3), the density of asperities on the surface
increases, so that stick–slip events are the main contribution to
friction forces. The asperities on raspberry-like particles inter-
lock with the asperities on the substrates, leading to higher µ
values than those measured for smooth particles. Fig. 3E ulti-
mately shows that there is a direct correlation between surface
roughness and friction coefficient, which uniquely depends on
h/d of the two surfaces.

The unique dependence of both µ and �m on h/d makes
it possible to obtain a direct relation between the first two
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2.4 Roughness and Friction
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Hsu, C. P., Ramakrishna, S. N., Zanini, M., Spencer, N. D., & Isa, L. (2018). Roughness-dependent tribology effects
on discontinuous shear thickening. Proceedings of the National Academy of Sciences, 115(20), 5117-5122.
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Fig. 3. Friction measurements on model rough substrates. (A) Schematics of a smooth probe on a rough sample and SEM image of a smooth colloidal probe.
(Scale bar, 500 nm.) (B) Schematics of a rough probe on a rough sample and SEM image of an RB 0.53 colloidal probe. (Scale bar, 500 nm.) (C, Top) RB 0.53
probe scanning at different locations on a 22-nm rough gradient substrate. (C, Bottom) Friction loops at 60 nN applied load for various h/d roughness
on the substrate (h/d = 0.53, black; h/d = 0.39, red; h/d = 0.35, green; h/d = 0.29, blue; h/d = 0.23, cyan; h/d ⇡ 0, magenta). (Scale bar, 200 nm.) (D)
Determination of µ from the measured friction forces as a function of applied load using the relation Ffriction =µ · Fload . (E) µ vs. h/d for a smooth probe
(blue) and rough probes (red) on surfaces with various asperity size [12 nm (•) for RB 0.45, 22 nm (⌅) for RB 0.53, 39 nm (⌥) for RB 0.36, and 39 nm and
12 nm (N) for RB 0.31 and smooth and (H) for RB 0.25]. (E, Top Inset) Schematics of a smooth probe on a rough sample. (E, Bottom Inset) Schematics of a
rough probe on a rough sample. (F) Correlation between µ and normalized packing fraction (�RCP = 0.64). (F, Insets) Schematics of smooth particles sliding
(Right) and rough particles interlocking (Left) under shear.

dissipations (Fig. 3E). Generally, µ increases with surface rough-
ness, but in a low-roughness regime (h/d < 0.3), there are fewer
asperities on the substrate and µ is mainly determined by the
contact area of the two sliding surfaces rather than by stick–slip
events. Rough probes contact the substrate via the asperities on
their surfaces, resulting in smaller contact area and hence lower
µ compared with smooth probes. In particular, the values of
friction coefficients measured between smooth silica probes and
silica substrates are in agreement with literature values measured
under similar conditions (32). Conversely, in a high-roughness

regime (h/d > 0.3), the density of asperities on the surface
increases, so that stick–slip events are the main contribution to
friction forces. The asperities on raspberry-like particles inter-
lock with the asperities on the substrates, leading to higher µ
values than those measured for smooth particles. Fig. 3E ulti-
mately shows that there is a direct correlation between surface
roughness and friction coefficient, which uniquely depends on
h/d of the two surfaces.

The unique dependence of both µ and �m on h/d makes
it possible to obtain a direct relation between the first two
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Correlating friction coefficient # and the critical volume fraction $%
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normal force, confirming that they originate from topography.
This process is instantaneous and reproducible, clearly
demonstrating that the motion state of a particle depends on
the contact interactions with the substrate. It is important to
note that the categorization into “sliding” and “rolling” is based
on whether a rotation of ≥2° between frames occurred. The
sampling rate of the force signal is around 3.5× higher than the
acquisition rate of the fluorescence images, so some events in
the force signals may not be picked up in the particle motion
analysis. A fixed colloidal probe, obtained by gluing a similar
RB particle inside the holder to restrict any rotation,
experienced much larger friction forces on the rough substrate

and pronounced stick−slip-like behavior, as seen in Figure 4 in
orange. The spikes in the friction force of the fixed particle
exceed the estimated threshold value of 5 nN to initiate rolling,
as observed with the free RB particle (note: the friction loop of
the fixed RB particle was obtained on the same sample as the
free RB particle but not in the same location). The friction on
the smooth surface obtained from a fixed RB particle is
identical to the friction obtained from the probe with a free RB
particle, since in both cases pure sliding is observed.
If the roughness of the substrate, over which a particle

moves, plays a critical role in determining whether it rolls or
slides, then the same goes for the surface properties of the
particle, too. Due to the necessity of having fluorescent
markers on the particle surface for rotational tracking, our
particles have an inherent roughness, whose magnitude can be
controlled via the addition of nanoparticles of di!erent sizes.
To study the e!ect of particle roughness on rolling/sliding
friction, we synthesized particles using the same core
microparticle diameter (12 μm), but varying the nanoparticle
size between 100 and 500 nm, as seen in Figure 5A−E. The
overall diameter of the smoothest and roughest particles does
not change by more than 6%, and all particles were scanned on
the same substrate using the same probe for the best
comparison. The roughness of the substrate was matched to
that of the smoothest particle by bonding 100 nm nano-
particles on a glass slide. The e!ective friction coe"cient
(Figure 5F), as well as the rotation coe"cient (Figure 5G),
remains constant for RB particles decorated with nanoparticles
up to 400 nm. By measuring the amount of rotation, we
observe that motion is close to pure rolling, indicating that
strong interlocking occurs with little slip. Only RB particles
decorated with 500 nm nanoparticles show less rolling,
probably due to the increased di!erence in asperity size
between the RB particles and the substrate, in turn leading to
reduced interlocking. Nevertheless, the e!ective friction

Figure 4. Friction loops of a fixed (orange) and a free (blue) RB
particle, displaced across the patterned substrate at an applied normal
force of 15 nN. The optical micrograph shows the change in
roughness on the substrate (top). The inset shows an optical
micrograph of the colloidal probe after converting it to a conventional
fixed colloidal probe by gluing a RB particle inside the cavity of the
holder.

Figure 5. Raspberry (RB) particles (12 μm microparticle) with di!erent roughness, expressed as nanoparticle diameter. (A) 100, (B) 200, (C) 300,
(D) 400, and (E) 500 nm. (F) E!ective friction coe"cient μ of RB particles with di!erent nanoparticle diameters (100−500 nm) on a rough
substrate decorated with 100 nm nanoparticles. (G) Evolution of the rotation of the RB particles in (F), expressed as a percentage relative to pure
rolling without slip, as a function of the applied normal force.
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deflection under sliding is recorded to quantify friction at the
contact. In the recent past, LFM has emerged as the
cornerstone of the nanotribology community, providing a
crucial avenue for exploring the molecular-level contact
between particles and substrates in relative sliding motion
and shedding light on the underlying mechanisms behind
lubrication and wear.11−13 Colloidal probe LFM furthermore
enables investigations of nanoscale adhesion, friction, and
contact mechanics to elucidate many fundamental questions in
tribology and rheology14 as well as in colloidal and interface
science.15,16 The technique has also gained significant demand
in various industries where understanding the forces between

contacting surfaces is crucial, particularly in microelectrome-
chanical systems (MEMS), surface coatings, printing, powders,
and pastes, just to name a few.17,18
Despite its conceptual simplicity and versatility, colloidal

probe LFM still su!ers from some drawbacks. Currently, many
separate colloidal probes must be prepared to acquire
statistically significant data sets, and limitations exist in the
type of particles that can be attached.19 These obstacles can be,
at least partially, overcome by techniques that allow for in situ
immobilization of particles, e.g., via sophisticated fluidic
systems20,21 or cantilever functionalization.22 However, and
most importantly as the motivation for this work, fixing a

Figure 1. Fabrication of the probe and experimental procedure. (A) Design and dimensions of the holder used for microparticle capture. (B)
Schematic of 3D printing of the holders by 2PP-DLW and optical micrographs of the prints. (C) Transfer of the holders onto a sacrificial glucose
layer on top of a glass slide and optical micrograph after transfer. (D) Probe assembly by gluing a single holder onto a tipless AFM cantilever with
UV glue and optical micrograph of the probe. (E) Representative SEM image (false-colored) of a particle (red), captured by the holder (blue). (F)
Friction loop obtained by performing standard lateral force microscopy. (G) Angular displacement of the probe particle in the scanning direction as
a function of time. Rolling is detected if the angular displacement exceeds 2° between consecutive frames. (H) Friction loop, color-coded to
visualize and separate the rolling and sliding motion of the particle.
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Confinement/contact sensor« Rigidochromic molecule »

A third of the world energy consumption is due to friction1,
but our fundamental understanding of how this friction
emerges is not complete2,3. All frictional theories ulti-

mately aim to understand how frictional dissipation emerges
from the details of contacts between two sliding surfaces.
Experimental testing of such contact theories for rough interfaces
is crucial, but has proven very challenging. In the late nineteenth
and early twentieth century electrical conductivity was used as a
measure of the contact area between metal surfaces4,5. More
recently, optical techniques such as phase-contrast microscopy6,
frustrated total internal reflection7, or interferometry8 have been
used to gain insight into contact and friction mechanics. How-
ever, two important aspects of contact mechanics and their
relation to friction have not been addressed by these experiments:
first, whether deformations of the roughness can be elastically
transferred from one contact point to another and thereby
influence the contact area; and second, the relative importance of
plasticity and elasticity in the formation of contact area and
friction.

In this study, we experimentally demonstrate how the com-
bined effect of elastic and plastic deformations of surface
roughness sets the real contact area which in turn controls the
friction force. Using pressure-sensitive fluorescent molecules, we
visualize the entire area of real contact that defines the rough-
sphere-on-flat glass interface. We directly compare this experi-
mental visualization of the real contact area to rough-on-flat
contact simulations in which various deformation mechanisms
can be included or left out. Through this comparison we find that
neighboring roughness extremities are not deformed independent
of each other, but rather transmit strain to one another through
the underlying bulk material. These elastic deformations are
accompanied by strain hardening plastic deformation of the
topmost sphere surface layer. A direct consequence of the strain
hardening is that the real contact area grows sublinearly with
load. We find that the static friction force is proportional to the
real contact area resulting in the breakage of Amontons’law.

Results
Area of real contact. To view the real contact area, we use a new
optical technique9, which employs rigidochromic molecules.
When absorbing a photon, the rigidochromic molecules show
excited-state deactivation along two distinct pathways9–12. The
first pathway is non-radiative (non-fluorescent) and triggered by
rotation around a specific bond in the molecule. When this
rotation is hindered by the confinement induced by a mechanical
contact9, the molecule is forced to follow the second, radiative,
pathway: it fluoresces9,13. In the experiments, we chemically
attach such molecules to the surface of very smooth and flat glass
coverslips9 which are then inserted into our microscopy setup
(Fig. 1). A sphere is lowered into contact with the coverslip and
the contact is illuminated from below, to excite the monolayer of
rigidochromic molecules at the surface of the coverslip. The
molecules fluoresce when the gap between sphere and coverslip
becomes of the order of the molecule size (Fig. 2 and Supple-
mentary Fig. 7). The integrated fluorescence intensity is propor-
tional to the number of confined molecules and depends on the
local degree of confinement (see Methods). In the plane, we
resolve the contact structure with diffraction limited microscopy
(point spread function of 450 nm). Through atomic force
microscopy (AFM) and contact simulations, we show that there is
not much contact structure below this length scale (Supplemen-
tary Figs. 4 and 9). In the experimental range of normal forces,
the real contact area evolves from a discrete collection of aspe-
rities in contact at 4 mN to an almost Hertzian14 contact circle at
400 mN (Supplementary Movie 1). During this evolution, existing

contacts deform and increase their area while new contact patches
emerge elsewhere. Quite surprisingly and contrary to the com-
mon interpretation of Amontons’ law, the overall contact area
does not increase linearly with the normal force (Fig. 3a).

Friction and the area of real contact. If the contact area links the
normal force to the friction force, this observation would imply
that Amontons’ law is broken. To induce frictional slip and
measure the friction coefficient, we rotate the rheometer plate
(Fig. 1) at a constant velocity of 1 μm s−1 resulting in a linear
build up of friction force, caused by the finite stiffness of the
measurement system (inset Fig. 3b). Once the applied force
exceeds the static friction, the contacts break and slip. We indeed
observe that Amontons’ law is broken; the static friction force is
proportional to the contact area but not to the normal force
(Fig. 3b). This means that the friction coefficient is ill-defined, it
depends on the normal force.

The experiments thus show that friction is controlled by the
contact area, but not what sets the contact area. Many of our
present-day insights into the mechanics of rough contacts come
from theoretical considerations. Early models assumed surfaces
deform purely plastically15,16. In these models, surface roughness
causes the contact area to be small and therefore the contact
pressure to be large. This enormous pressure leads to irreversible,
plastic deformation of the contact points. The real area of contact
A is then proportional to the load N pushing the surfaces
together, A =N/pY with pY being the penetration hardness of the
material. It was argued that after the first, irreversible deforma-
tion of the material, it would respond purely elastically; this led to
the development of sophisticated multi-asperity models17–20,
where surface roughness is described as a collection of identical,
non-interacting, spherical summits of random height that follow
elastic, Hertzian14, contact mechanics. Persson’s recent scaling
theory21 alternatively uses a description with an arbitrary form
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Fig. 1 Experimental setup. A rheometer is mounted on top of an inverted
confocal laser scanning microscope (not to scale). We excentrically glue a
rough sphere to the rheometer plate and make contact with a smooth and
flat, float glass, coverslip. The rheometer measures normal and frictional
forces on the contact. The inverted microscope excites a monolayer of
rigidochromic molecules on the glass surface with 488 nm laser light and
point scans images (at a large magnification: ×63, numerical aperture 1.4)
the resulting fluorescence that is emitted at the real contact area between
the sphere and the glass. Two beam splitters and a long pass filter are used
to collect the fluorescent light in a photomultiplier tube. To avoid strong
light scattering and optimize image quality, we immerse the contacts in
formamide and use transparent materials for the sphere: polystyrene (PS),
poly(methyl methacrylate) (PMMA), polytetrafluoroethylene (PTFE), and
borosilicate glass
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asperities on different length scales. Both multi-asperity and
Persson theory also predict proportionality, A =N/prough with the
characteristic pressure prough ! h′rmsE

"=2 now determined by the
elastic contact modulus14 E* and the root mean square slope h′rms
of the surface roughness.

Numerical calculations of the area of real contact. To investi-
gate why in the experiments proportionality between contact area
and normal force is not observed, we perform simulations in
which different effects can be considered or left out. Prior to the
contact experiment, we use AFM to obtain a three-dimensional
map of the sphere roughness at the exact same location that is
pressed onto the glass (Supplementary Fig. 9). Since we use
materials for the sphere that are significantly softer and rougher
than the glass, the deformation of this roughness map completely
determines the experimental contact area and therefore forms the
ideal input for contact simulations. We first consider elasticity
and start with the rough-sphere multi-asperity model of Green-
wood & Tripp (GT)18 (Methods) to compute the dependence of
the contact area on normal force. Surprisingly, the contact area
resulting from this calculation is five times smaller than that
found in the experiment (Fig. 2b). By reducing rough surfaces to a
collection of discrete asperities, multi-asperity theories such as the
GT model ignore strain transmitted from asperity to asperity
through the bulk.

The omission of such interactions from multi-asperity theories
is considered to be problematic21, because many surfaces are
fractal; smaller asperities exist on top of larger asperities implying
that in contact, asperities have to transmit strain to one another.
We therefore compare the GT model to a full numerical
calculation22 of the contact area using a Green’s function
method23 that treats the elastic interaction exactly on all length
scales. This simulation ignores nonlinear elastic effects but
constitutes the exact solution of the problem that both multi-
asperity theories and Persson’s analysis24 approximate. There are
no adjustable parameters in the elastic simulation, because sphere
radius, sphere roughness, and modulus are all independently
measured (see Methods). We observe that the inclusion of
asperity interactions leads to a different contact patch distribution
(Fig. 2c) compared to that of the GT model. The contact
morphology obtained by elastic simulation is closer to the
experiment, leading us to conclude that asperity interactions are
required to more accurately predict the real contact area. The real
contact area from the elastic simulations, however, is still linear in
normal force and still significantly smaller than in the experiment
(Fig. 3a).

If one estimates the stresses at the contacts from the measured
forces and real contact areas, one obtains values on the order of
200MPa. Since the penetration hardness of the polystyrene (PS)
is of the same order25, irreversible, plastic deformation of the
asperities may occur in addition to elastic deformation. To
confirm that plasticity is indeed important in the experiment, we
measure the surface topography by AFM after the contact
experiment; we observe that indeed the contact points have been
permanently deformed (Supplementary Fig. 9). We therefore add
plasticity into the simulation, first by using the canonical
plasticity model of contact mechanics: We allow contact points
to flow above a penetration hardness pY (see Methods). pY is set
to 10% of the PS elastic modulus, three times higher than the
yield strength of PS under compression16. Although the resulting
contact area (Fig. 3a) is about twice the size of that predicted by
the purely elastic simulation, it is still significantly smaller than
that measured in the experiment. By varying the only adjustable
parameter, the penetration hardness, the match between experi-
mental and simulated contact patterns cannot be improved
significantly (Supplementary Fig. 8). More importantly, the real
contact area still depends linearly on the load, in disagreement
with our experimental findings.

The likely solution comes from carefully looking at the
experimental data, and comparing to the purely plastic model
discussed above. From the latter, one would expect the contact
pressure to remain constant at the value of the penetration
hardness of the material. However in the experiment, due to the
sublinear dependence of the contact area on the load, the average
contact pressure rises during the experiment from roughly 100
MPa at the lowest loads to 250MPa at the highest loads. This
strongly suggests that the contacts become harder to deform at
large strains; such strain hardening is generally observed for the
materials employed here26. To capture this effect, we introduce
simple linear hardening of pY with local plastic displacement hpl,
pY = khpl, into our calculation (see Methods). This is the simplest
constitutive equation for a strain hardening model; we adjust the
single empirical parameter k to match our experimental contact
area vs. load curves, giving k ≈ 4MPa nm−1.

The hardening simulation predicts contact geometries that are
almost indistinguishable from the experiments (Fig. 2 and
Supplementary Fig. 5), including also the deviation from linearity
of contact area with load (Fig. 3a). Using the surface topography
map as input, we can now predict exactly where contact will
occur, and where not.
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Fig. 2 The real contact area measured and simulated at increasing loads. a
Fluorescence intensity images of the contact geometry. The average
contact pressure rises from roughly 100MPa at the beginning of the
experiment to 250MPa at the highest loads. Scale bar, 10 μm. b Elastic
Greenwood & Tripp (GT) bearing area calculation. c Purely elastic
simulation. d Elasto-plastic contact hardening simulation. Experiments and
simulations were carried out on the sphere whose roughness is shown in
Supplementary Fig. 9. Simulated contact geometries are convoluted with
the point spread function of the microscope (Supplementary Fig. 3). Green
lines indicate contact edges in the experimental images. The simulated
intensity scale is adjusted such that average colors look like the
experimental images. The maximum intensity in the simulated images is 3
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